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Abstract. We give a criterion which allows to prove non-ergodicity for cer- 
tain infinite periodic billiards and directional flows on Z-periodic translation 
surfaces. Our criterion applies in particular to a billiard in an infinite band 
with periodically spaced vertical barriers and to the Ehrenfest wind-tree model, 
which is a planar billiard with a Z^-periodic array of rectangular obstacles. We 
prove that, in these two examples, both for a full measure set of parameters 
of the billiard tables and for tables with rational parameters, for almost every 
direction the corresponding billiard flow is not ergodic and has uncountably 
many ergodic components. As another application, we show that for any re- 
current Z-cover of a square tiled surface of genus two the directional flow is 
not ergodic and has no invariant sets of finite measure for a full measure set 
of directions. In the language of essential values, we prove that the skew- 
products which arise as Poincare maps of the above systems are associated to 
non-regular Z-valued cocycles for interval exchange transformations. 

1. Introduction and main results 

The ergodic theory of directional flows on compact translation surfaces (defini- 
tions are recalled below) has been a rich and vibrant area of research in the last 
decades, in connection with the study of rational billiards, interval exchange trans- 
formations and Teichmiiller geodesic flows (see for example the surveys [31, 41, 42, 
46]). On the other hand, very little is known about the ergodic properties of direc- 
tional flows on non-compact translation surfaces, for which the natural invariant 
measure is infinite (see [20]). 

A natural motivation to study infinite translation surfaces, as in the case of com- 
pact ones, come from billiards. As linear flows on compact translation surfaces arise 
for example by unfolding billiard flows in rational polygons, examples of flows on 
infinite translation surfaces can be obtained by unfolding periodic rational billiards, 
for example in a band (see the billiard described below, Figure 1 and §1.1) or in 
the plane (as the Ehrenfest wind-tree model, see Figure 2 and §1.2). The infinite 
translation surfaces obtained in this way are rich in symmetry, and turns out to 
be Z'^-covers (see below for a definition) of compact translation surfaces. Poincare 
maps of directional flows on compact surfaces are piecewise isometries known as 
interval exchange transformations; Poincare maps of directional flows Z'' covers 
are Z''-extensions of interval exchange transformations (see §2 for the definitions of 
interval exchange transformations and extensions). 

The ergodic properties of directional flows on Z'^-covers and more generally of 
Z''-extensions of interval exchange transformations have been recently a very active 
area of research (see for example [8, 9, 20, 22, 23, 24, 25, 26]). Recall that a 
measurable flow (ipt)t£R on the measurable space (X,B) preserves the measure 
fi (where fj, is cr-finite) if ^{(ptA) — ij,{A) for all t G M., A G B. The invariant 
measure /i is ergodic and we say that {Lpt)tesL is ergodic with respect to /i if for 
any measurable set A which is almost invariant, i.e. such that ^[iptAl\A) = 
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for all t £ M, either fi{A) = or IJ,{A'^) — 0, where A'^ denotes the complement. 
In the classical set-up, a celebrated result by Kerchoff-Masur-Smillie [29] states 
that for every compact connected translation surface for a.e. direction 9 £ 
the directional flow in direction 9 is ergodic with respect to the Lebesgue measure 
and moreover is uniquely ergodic^ i.e. the Lebesgue measure is the unique ergodic 
invariant measure up to scaling. Some recent results concerning ergodicity are in the 
direction of proving that also for some Z-covers ergodicity holds for a full measure 
set of directions, for example in special cases as Z-covers of surfaces of genus 1 (see 
[23]) or of Z-covers which have the lattice property (see Theorem 1.6 quoted below, 
from [26]). Examples of ergodic directions in some infinite translation surfaces were 
also constructed by Hooper [22]). 

In contrast, in this paper we give a criterion (Theorem 6.1) which allows to 
show non-ergodicity for some infinite billiards and Z-covers of translation surfaces. 
Our criterion allows us in particular to prove that some well-studied infinite periodic 
billiards, for example the billiard in a band with barriers and the periodic Erhenfest- 
wind tree model are not ergodic both for a full measure set of parameters and 
for certain specific values of parameters (Theorems 1.1 and 1.2). Moreover, we 
show that such flows admits uncountably many ergodic components (defined in 
§3.2). The criterion for non-ergodicity (Theorem 6.1) requires several preliminary 
definitions and it is therefore stated in §6. Here below (§§1.1 and 1.2) we formulate 
the two results just mentioned about infinite billiards (Theorems 1.1 and 1.2), that 
are based on this criterion. Another application of the non-ergodicity criterion is 
given by Theorem 1.4, which gives a class of Z-covers of translation surfaces for 
which the set of ergodic directions 9 for the directional flow {(p1)ti=R has measure 
zero (see §1.4, where we state Theorem 1.4 after the preliminary definitions in §1.3 
and comment on the relations with other recent results). 

Let us remark that our Theorems can be rephrased in the language of skew- 
products and essential values (as explained in §2 and §3 below). While skew- 
products over rotations are well studied, very few results were previously known for 
skew-products over lETs. The first return (Poincare) maps of the billiard flows or 
of the directional flows considered provide examples of skew-products associated to 
non-regular cocycles for interval exchange transformations (see §3 for the definition 
of non- regularity) . 

1.1. A billiard in an infinite band. Let us consider the infinite band K x [0, 1] 
with periodically placed linear barriers (also called slits) handling from the lower 
side of the band perpendicularly (see Figure 1). We will denote by T{1) = (M x 
[0, 1]) \ (Z X [0, 1]) the billiard table in which the length of the slit is given by the 
parameter < Z < 1 as shown in Figure 1. Let us recall that a billiard trajectory is 
the trajectory of a point-mass which moves freely inside T{1) on segments of straight 
lines and undergoes elastic collisions (angle of incidence equals to the angle of 
reflection) when it hits the boundary of T{1). An example of a billiard trajectory is 
drawn in Figure 1. The billiard flow {bt)teR is defined on a full measure set of points 




Figure 1. BiUiard flow on T{1). 
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in the phase space T^{1), that consists of the subset of points (x, 9) G T{1) x S-^ such 
that if X belongs to the boundary of T{1) then 9 is an inward direction. For t gR 
and {x,6) in the domain of (6t)teR, ht maps {x,d) to bt{x,9) = {x',6'), where x' is 
the point reached after time t by flowing at unit speed along the billiard trajectory 
starting at x in direction 9 and 9' is the tangent direction to the trajectory at x'. 

The infinite billiard {bt)teR is an extension of a finite billiard (in a rectangle 
with a barrier), whose fine dynamical properties were studied in many papers (see 
[38, 6, 7, 13]). Let us also remark that a similar billiard in a semi-infinite band is 
known as a retroreflector and was studied in [3]. 

Since the directions of any billiard trajectory in T{1) are at most four, the set 
T{1) X r9, where Td := {6,-9,^ — 6,n + 6}, is an invariant subset in the phase 
space T^{1) for the billiard flow on T{1). The flow {bf)teM will denote the restriction 
of (6t)teK to this invariant set. Remark that the directional billiard flow (6()tgR 
preserves the product of the Lebesgue measure on T{1) and the counting measure 
on the orbit T6. We say that {bf)t£s. on T{1) is ergodic if it is ergodic with respect 
to this natural invariant measure. 

Theorem 1.1. Consider the billiard flow (6t)teR on the infinite strip T{1). There 
exists a set A c [0, 1] of full Lebesgue measure such that, if either: 

(1) I is a rational number, or 

(2) / e A, 

then for almost every 9 G the directional billiard flow {bf)t£R on T{1) is recurrent 
and not ergodic. Moreover, (6j)t£K has uncountably many ergodic components. 

Let us remark that, even though we prove that the result holds for a full measure 

set of parameters A. the assumption (1) is more precise since it gives concrete values 
of the parameters for which the conclusion holds. It is natural to ask if there exists 
exceptional directions 9 G and I e (0, 1) for which the flow (6^ )tgR is ergodic. 
In [18] it is shown that for alH = p/q E Q n (0, 1) there exists a positive HausdorfF 
dimension set of exceptional directions 9 E for which (6^ )tgR on T(p/q) is ergodic. 

1.2. The Ehrenfest wind-tree model. The Ehrenfest wind-tree billiard is a 
model of a gas particle introduced in 1912 by P. and T. Ehrenfest. The periodic ver- 
sion, which was first studied by Hardy and Weber in [21], consist of a Z^-periodic 
planar array of rectangular scatterers, whose sides are given by two parameters 
< a, 6 < 1 (see Figure 2). The billiard flow in the complement £'2(0,6) of the 
interior of the rectangles is the Ehrenfest wind-tree billiard, that we will denote by 
(et)teR- An example of a billiard trajectory is also shown in Figure 2. Many results 
on the dynamics of the periodic wind-tree models, in particular on recurrence and 
diffusion times, were proved recently, see [9, 25, 37, 11, 12]. One can also consider 
a one-dimensional version of the periodic Ehrenfest wind-tree model, whose con- 
figuration space Ei{a,b) is an infinite tube M x (M/Z) with Z-periodic rectangular 
scatterers (sec Figure 3) of horizontal and vertical sides of lengths a and b respec- 
tively. We will also denote by {et)teR the billiard flow in Ei{a, b). As for the billiard 
in a strip in §1.1, any trajectory of {x, 6) for {et)teR in Ei{a, b) or in E2{a, b) travels 
in at most four directions, belonging to the set T9 := {±0, 9±tt}. The restriction of 
(et)teR to the invariant set Ei{a, b) x F^ for i= 1,2 will be denoted by (e^ )(gR. The 
directional billiard flow (e^ )teR preserves the product measure /U of the Lebesgue 
measure on Ei{a, b) {£2(0, b)) and the counting measure on F^ and the ergodicity 
of (cj )tgR refers to ergodicity with respect to this measure /i. 

Theorem 1.2. Consider the billiard flow {et)teR in the Z-periodic Ehrenfest wind- 
tree model Ei{a,b). There exists a set V C [0,1]^ of full Lebesgue measure such 
that, if either: 
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Figure 2. Ehrenfest wind-tree billiard on E2{a,b). 




Figure 3. Ehrenfest wind-tree billiard on Ei{a,b). 

(1) a,b € (0, 1) are rational numbers, or 

(2) a,b e (0, 1) can be written as l/(l-a) = x+yVO, l/{l-b) = {l-x)+yy/D 
with a;, y e Q and D a positive square-free integer, or 

(3) ia,b)eV, 

then for almost every 9 £ the directional billiard flow (ef)tgK on Ei{a,b) is 
recurrent and not ergodic. Moreover, (e^ )tgR has uncountably many ergodic com- 
ponents. 

As in Theorem 1.1, the result holds by (3) for the full measure set of parameters 
V, but only the assumptions (1) and (2) give concrete values of the parameters 
(a, b) for which the conclusion holds. 

As a corollary, since (e^ in £'2(0, b) is a cover of {ef)teM on Ei{a, b), we have 
the following conclusion about the original Ehrenfest periodic model. 

Corollary 1.3. If {a, b) satisfy either (1), (2) or (3) in Theorem 1.2, then for almost 
every 9 £ the planar periodic Ehrenfest wind tree model [e^)t£^ on E2{a,b) is 
not ergodic and moreover, there are uncountably many ergodic components. 

1.3. Directional flows on translation surfaces and Z-covers. We now re- 
call some basic definitions to then state (in §1.4) another application of our non- 
ergodicity criterion (Theorem 6.1) for a class of Z-covers of translation surfaces. 
Let M be an oriented surface (not necessarily compact). A translation surface 
(M, w) is a complex structure on M together with an nonzero Abelian differential 
u!, that is a non-zero holomorphic 1-form. Since given an Abelian differential there 
exists an uniquely complex structure which is compatible with it, the translation 
structure on M is uniquely defined by uj. Let S = C M be the set of zeros of 
w. For every 6 E = K/27rZ denote by Xq ~ Xg the directional vector field in 
direction on M \ E, defined by ixgf^ = e**. Then the corresponding directional 
flow {(pf)t£M. — {v't'^)tes. (also known as translation flow) on M \ E preserves the 
volume form = A cJ = di{uj) A 3(a;). We will use the notation {^p^)t^R and Xh 
for the vertical flow and vector field (corresponding to 6 — ^) and {(pf)teB. and Xh 
for the horizontal flow and vector field respectively {9 = 0). We will always con- 
sider translation surfaces of area one, that is renormalized so that A{uj) :~ v^{M) 
is equal to one. We will denote by Mg the set of regular points for the directional 
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flow (</5( )teR, i-e. the set of point for which the orbit of the flow may be defined for 
all times teR. Then Me is a Borel subset of M with Uu;{M \ Me) = and {ipt)teM. 
restricted to Mg is a well defined Borel flow. 

Let (M, w) be a compact connected translation surface. Recall that a Z-cower of 
M is a manifold M with a free totally discontinuous action of the group Z such that 
the quotient manifold M/Z is homeomorphic to M. The map p : M M obtained 
by composition of the projection M ^ M /Z and the homeomorphism M /X ^ M 
is called a covering map. Denote by w the puUback of the form uj by the map 
p. Then (M, w) is a translation surface as well. As we recall at the beginning of 
Section 2, Z-covers of M up to isomorphism are in one-to-one correspondence with 
homology classes in Hi{M, Z). For every 7 g Hi{M, Z) we will denote by {M^,ujj) 
the translation surface associated to the Z-cover given by 7. 

For any Z-cover (M, oj) of the translation surface (M, co) and 9 £ denote 
by (</5t)teR ^'^d {'ft )teK. the volume- preserving directional flows on (M,!/^) and 
(M, v^) respectively. Recall that a measure-preserving flow {^t)tes. on {X, B, fi) {fi 
is cr-finite) is recurrent if for any A € B with /Lt(j4) > 0, for a.e. x € A there is 
t„ — > cxD such that <ft„x S A. 

Denote by hoi : Hi (M, Z) — >■ C the holonomy map, i.e. hol(7) = J^u) for every 
7 G Hi{M, Z). As recently shown by Hooper and Weiss (see Proposition 15 in [24]) 
a curve 7 on (M, uj) has hol(7) = if and only if for every 9 £ such that {(fif)tem. 
is ergodic, the flow {ip^)teM on the Z-cover (M^,w^) is recurrent. Thus, following 
Hooper and Weiss, we adopt the following definition: 

Definition 1 (see [24]). The Z-cover (My,a;^) of the translation surface (Af, w) given 
by 7 e Hi{M, Z) is called recurrent if hol(7) = 0. 

Recall that a translation surface {M, uj) is square-tiled if there exists a ramified 
cover p : M ^ W- jl? unramified outside G ^ jl? such that w = p*{dz). Square 
tiled surfaces are also known as origamis. Examples of square tiled surface (M, co) 
can be realized by gluing finitely (or infinitely) many squares of equal sides in 
by identifying each left vertical side of a square with a right vertical side of some 
square and each top horizontal side with a bottom horizontal side via translations. 

1.4. Z-covers of genus two square tiled surfaces and staircases. Another 
application of the non-ergodicity criterion (Theorem 6.1) is the following. 

Theorem 1.4. If (M, w) is square-tiled translation surface of genus 2, for any 
■recuT rent Z-cover (M^.u)-^) given by a non trivial^ € ffi(M, Z) and for a.e. 9 G 
the directional flow {ip^)teR is not ergodic. Moreover, it has no invariant sets of 
positive measure and has uncountably many ergodic components. 

Let us give an example to which Theorem 1.4 applies. Consider the infinite stair- 
case in Figure 4(a) and let us denote by Z^^^^ the surface obtained by identifying 
the opposite parallel sides belonging to the boundary by translations (the nota- 
tion Z^Q^ refers to [27]). The surface Z^^^ inherits from a translation surface 
structure and thus one can consider the directional fiows (<Pt )teR direction 6 on 
Z^Qy One can see that this infinite translation surface is a Z-cover of the genus 
two square-tiled surface 2^(3,0) shown in Figure 4(b). Thus, as a consequence of 
Theorem 1.4 wo get: 

Corollary 1.5. The set of directions 9^3^ such that the directional flow {(p1)t£M 
on the infinite staircase Z^^-^ is ergodic has Lebesgue measure zero. Moreover, for 

almost every 9 G S^, {ipf)tes. has no invariant sets of finite measure. 
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(a) Translation surface Z' 



(3,0)- 
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(b) Translation surface -^(3,0) • 



Figure 4. The infinite staircase translation surface Z^^y 



More generally, a countable family of staircases translation surfaces -^(^6) de- 
pending on the natural parameters a > 2, 6 > was defined and studied by Hubert 
and Schmithiisen in [27]. For o > 2, these translation surfaces are Z-covers of genus 
2 square-tiled surfaces. Thus, Corollary 1.5 holds for any ^(^f,) a > 2,6 > 0. 

On the other hand, we remark that, if one starts from the staircase in Figure 5 
and obtains the translation surface known as by identifying opposite parallel 

sides belonging to the boundary, the set of directions 9 such that the directional 
flow (<^( )t£M on the infinite staircase g) ergodic has full Lebesgue measure (see 
[26]). This difference is related to the fact that Z'^^^^ is not a Z-cover of a genus 2 
surface and the study of the directional flows on Z^^^ can be reduced to well- know 
results of ergodicity of skew products over rotations (see [26] for references). 



Figure 5. The inflnite staircases translation surface Z^^y 

Let us comment on the relation between Corollary 1.5 of our theorem and another 
recent result by Hubert and Weiss. In section §5 we recall the definition of the Veech 
group SL{M,uj) < SL{2,R) of a translation surface. We say that a translation 
surface (M, oj) (compact or not) is a lattice surface if the Veech group is a lattice in 
SL{2,M.). We say that a (infinite) translation surface {M,u}) has an infinite strip if 
there exists a subset of M isometric to the strip M. x (—a, a) for some a > (with 
respect to the flat metric induced by w on M). 

Theorem 1.6 (Hubert- Weiss, [26]). Let (M, uj) be a Z-cover that is a lattice surface 
and has an infinite strip. Then the directional flow (<P()(eR on {M,uj) is ergodic 
for a.e. 6 e 5^. 

One can easily check that Z^^^ has an infinite strip (for example in the direction 
6 = j). On the other hand, as it was proved in [27], the Veech group SL{Z^q^) is 
of the flrst kind, is infinitely generated and is not a lattice. Thus, our result shows 
that the assumption that SL{M, uj) (and not only SL{M, cj)) is a lattice is essential 
for the conclusion of Theorem 1.6 to hold. 
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1.5. Outline and structure of the paper. The Sections from 2 to 5 contain 
background material and preliminary results. In §2 we recall the construction of 

Z-covers asKOciated to a homology class and the definitions of interval exchange 
transformations (lETs) and Z-extensions. We also explain how the study of direc- 
tional flows on Z covers can be reduced to the study of Z-extensions of lETs. We 
then present some definitions and results used in the proofs about the theory of 
essential values (Section 3), the Kontsevich-Zorich cocycle (Section 4) and lattice 
surfaces (Section 5). 

The heart of the paper is contained in Section 6, where the criterion for non- 
ergodicity (Theorem 6.1) is both stated and proved. In Section 7 we state and 
prove Theorem 7.1 (on the absence of invariant sets of finite measure), which pro- 
vides another crucial ingredient to prove the presence of uncountably many ergodic 
components in the various applications. 

The proofs of the results stated in the introduction is finally given in Section 8 
and follows from Theorems 6.1 and 7.1 essentially from Fubini-type arguments. The 
first Fubini argument presented applies to Veech surfaces and appears in §8.1, where 
we prove Theorem 1.4 and Corollary 1.5. In §8.2 and §8.3 we prove respectively 
Theorem 1.1 on the billiard in a strip and Theorem 1.2 and Corollary 1.3 on the 
Ehrenfest wind-tree models. 

In the Appendix we include the proof of two technical results used in the proof 
of the non-ergodicity criterion and stated in Section 4, i.e. Lemma 4.3 and Theorem 
4.2, which relates coboundaries with the unstable space of the Kontsevich-Zorich. 

2. Z-COVERS AND EXTENSIONS OF INTERVAL EXCHANGE TRANSFORMATIONS 

Z-covers. Let (M, w) be a compact connected translation surface and M a Z-cover 
of M (see §1). Let us show that there is a one-to-one correspondence between 

Hi{M,'Z) and the set of Z-covers, up to isomorphism^. Let us first recall that we 
have the following isomorphism (we refer for example to Proposition 14.1 in [19]); 

IIom(7ri(A'/, .x), Z) i — > {Z-covers of Af}/isomorphism. 

In view of Hurewicz theorem TTi{M,x)/[Tri{M,x),TTi{M,x)] and Hi{M,Z) are iso- 
morphic, so Hom(7ri(M, a;), Z) and Hom(ifi(M, Z),Z) are isomorphic as well. This 
yields a one-to-one correspondence 

Hom(7Ji (Af, Z), Z) < — > {Z-covers of Af} /isomorphism. 

The space i?i(Af, Z) is isomorphic to Hom(i7i(A'/, Z), Z) via the map 7 i— : 
Hi{M,Z) Z, 0^(7') = (7,7'), where {■,■): Hi{M,R) x Hi{M,R) ^ M is the 
intersection form (see for example Proposition 18.13 in [19]). This gives the next 
correspondence 

(2.1) Hi{M,Z) < — > {Z-covers of Af} /isomorphism. 

The Z-cover determined by 7 S Hi{M,Z) under the correspondence (2.1) has 
the following properties. Remark that ( • , • ) restricted to Hi {M, Z) x Hi {M, Z) 
coincides with the algebraic intersection number. If cr is a close curve in M and 
n := (7, [cr]) G Z ([cr] G Hi{M,Z)), then a lifts to a path a : [to,ti] Mj 
such that cr(ti) = n ■ cr(io), where • denotes the action of Z on {M^,u}^) by deck 
transformations. Conversely, if v : [fo,*!] M is a. curve such 

(2.2) ^(^i) = ■ v{to) for some n G Z, then (7, [pot;]) = n, 

where [pov] G Hi {M, Z) is the homology class of the projection of t; by p : M. 



Let us remark that here we consider only unramified Z-covers. More generally, one can 
consider ramified covers determined by elements in the relative homology ifi(M, S,Z), see [24]. 
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Interval exchange transformations. Let us recall the definition of interval exchange 
transformations (lETs), with the presentation and notation from [40] and [41]. Let 
.4 be a d-element alphabet and let tt = (ttojTTi) be a pair of bijections tt^ : A ^ 
{1,. . . ,d} for e = 0,1. Denote by the set of all such pairs. Let us consider 
A = (Aa)„e^ e , where M+ = (0,+oo). Set |A| = Eae^ A„, / = [0, |A|) and, for 
e = 0, 1, let 

^a = K>''a)> where = ^ A^, = ^ A^. 

7rj(/3)<7rj(a) tTj (^i) <7r, (a) 

Then = A„ for a £ A. Given (tt, A) S x R^, let T(^,a) : [0, |A|) ^ [0, |A|) 
stand for the interval exchange transformation (lET) on d intervals /„, a e A, 
which isometrically maps each 7° to I^, i.e. T(^^;^)(a;) = x + Wa with := Z^ — Z^, 
for x € 1°, a e A. 

Cocycles and skew-product extensions. Let T be an ergodic automorphism of stan- 
dard probability space {X, B, ji). Let G be a locally compact abelian second count- 
able group. Each measurable function ip : X ^ G determines a cocycle tp^ ' ^ for T 
by the formula 

( 7p{x)+i){Tx) + ... + ^{T''-^x) if n>0 

(2.3) V^"Ha;) = < if n = 

[ -(V'(T"a;)-|-V(T"+ia;)-|-...-|-V(T-ia;)) if n < 0, 

the function t/j is also called a cocycle. The skew product extension associated to 
the cocycle ip is the map : X x G ^ X x G 

T^{x,y) = {Tx,y + '4j{x)). 

Clearly preserves the product of ji and the Haar measure ma on G. 

2.1. Reduction to Z-extensions over lETs. Let us explain how the question of 
ergodicity for directional flows for Z-covers of a compact translation surface (M, w) 
reduces to the study of Z-valued cocycles for interval exchange transformations 
(lETs). Let ((^()tgR be a directional flows for a Z-cover (M, w) of (M, w) such that 
the flow ((^()tgK on M is ergodic. Let / C M \ S be an interval transversal to 
the direction 6 with no self-intersections. The Poincare return map T : 7 — >^ 7 is a 
minimal ergodic lET (eif {^p^)teM. is ergodic), whose numerical data will be denoted 
by (tt. A) e Sa X R^ (see for example [41, 42]). Let t : I K+ be the function 
which assigns to a; S 7 the first return time t{x) of a; to 7 under the fiow. The 
function t is constant and equal to some Tq, on each exchanged interval 7^. The 
flow {(pt)teK is hence measure-theoretically isomorphic to the special flow built over 
the lET T : I ^ I and under the roof function t : I ^ IR+ . For every a G .4 we 
will denote by € 77i (M, Z) the homology class of any loop formed by the 
segment of orbit for {ip^)t^R starting at any x E Int 7q, and ending at Tx together 
with the segment of 7 that joins Tx and x, that wo will denote by [Tx, x]. 

Let us now define a cross-section for the flow {(ff)teK and describe the corre- 
sponding Poincare map. Let 7 be the preimage of the interval 7 via the covering 
map p : M ^ M. Fix 7o C 7 a connected component of 7. Then p\ig : 7o 7 is a 
homomorphism and 7 is homeomorphic to 7 x Z by the map 

(2.4) 7 X Z 9 {x,n) i-)- g{x,n) := n • {p\io)~^{x) € I. 

Denote by T : 7 — >■ 7 the the Poincare return map to 7 for the flow {ipf)teR- 

Lemma 2.1. Suppose that (M, uj) = (M-y, w-y) for some 7 e H\{M, Z) is a "L-cover. 
Then the Poincare return map T is isomorphic (via the map q given in (2.4)) to 



NON-ERGODIC Z-PERIODIC BILLIARDS AND INFINITE TRANSLATION SURFACES 9 



a skew product : I x Z ^ I x Ia of the form T^{x, n) — {Tx, n + il^{x)), where 
il) = ipj : I ^ Z is a piecewise constant function given by 

■^^(a;) = (7, 7a) if x G la for each a G A 

and T and ja for a G A are as above. 

Proof. Let us first remark that 

(2.5) p{q{x, n)) = X and m • q{x, n) = q{x, m + n) for all x G I, m,n gZ. 

Moreover, if q{x, n), q{x' , n') G I are joined by a curve in / then the points belong 
to the same connected component of /, hence n = n' . Fix (x,n) E Int/o, x Z 
and denote by Vx,n the lift of the loop Vx which starts from the point q{x, n) G I. 
Setting Q{x,ne) € / by its endpoint, by (2.2) and (2.5), we have 

q{x, Ue) = (7, [vx]) ■ q{x, n) = (7, 7„) • q{x, n) = Q{x,n + (7, 7^)) , 

so He = n + (7, 7a). Since v^^n is a lift of the curve formed by the segment of orbit 
for {(pt)teK starting at x G Int/o, and ending at Tx together with the segment of / 
that joins Tx and x, Vx,n is formed by the segment of orbit for (^^ )tgR starting at 
q{x, n) G I and ending at Tq{x, n) together with a curve in / that joins Tg{x, n) 
and Q{x,ne). As p{TQ{x,n)) = Tx and the points Tg{x,n) and g{x,ne) belong to 
the same connected component of /, it follows that 



Remark 2.2. The ergodicity of the flow {(ff)teR on {M^,uj^) is equivalent to the 
ergodicity of its Poincare map T and thus, by Lemma 2.1, it is equivalent to the 
ergodicity of the skew product T^^ : / x Z ^ 7 x Z. 

We now recall some properties of this reduction for a special choice of the section 

/, which will be useful in §8. For simplicity let = tt/2 and assume in addition 
that the vertical flow (^()tgK has no vertical saddle connections, i.e. none of its 
trajectory joins two points of S, and that the interval I is horizontal and it is 
chosen so that one endpoint belongs to the singularity set S and the other belongs 
to an incoming or outgoing separatix, that is to a trajectory which ends or begins at 
a point of S. In this case the lET T has the minimal possible number of exchanged 
intervals and the special flow representation is known as zippered rectangle (see [41] 
or [42] for more details) . Recall that each discontinuity of T belongs to an incoming 
separatrix (and, by choice, also the endpoints of / belong to separatrices) . For each 
a G A, let (T;,a G S (respectively (Tj.,q G S) be the singularity of the separatrix 
through the left (right) endpoint of /„. 

While homology classes {7^ : a G A} defined at the beginning of this §2.1 
generate the homology Hi{M,Z) (Lemma 2.17, §2.9 in [41]), one can construct a 
base of the relative homology i/i(M, S,Z) as follows. For each a G A denote by 

G Hi{M, S, Z) the relative homology class of the path which joins ai^a to (Tr,a, 
obtained juxtaposing the segment of separatrix starting from fT;.a up to the left 
endpoint of /„, the interval la, and the segment of separatrix starting from the 
right endpoint of la and ending at (7r,a- Then {^^ : a G A} establishes a basis 
of the relative homology i/i(M, S,Z) (see ]42]). This basis allows us to explicitly 
compute the vectors {Xa)aeA and {'Wa)aeA defining T and the return times {Ta)aeA 
as follows (see [41] or [42]): 



(2.6) Aq = / 3?w, Wa = Ta = Qoj for all a G A. 



Tg{x, n) = q{Tx, Ue) = Q {Tx, n + (7, 7^)) , 



which completes the proof. 



□ 
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3. Essential values of cocycles 

We give here a brief overview of the tools needed to prove the non-ergodicity 
of the skew product (see Section 2.1) and describe its ergodic components. 
For further background material concerning skew products and infinite measure- 
preserving dynamical systems wc refer the reader to [2] and [36]. 

3.1. Cocycles for transformations and essential values. Given an ergodic 
automorphism T of standard probability space {X, B,^), a locally compact abelian 

second countable group G and a cocyclc : X ^ G ior T, consider the skew- 
product extension : {X x G,B x Be, n x mc) {X x G,B x Be, n x mc) {Bg 
is the Borel a-algebra on G) given by T^{x, y) = {Tx, y + ipix)). 

Two cocycles ipi,ip2 ■ X ^ G for T are called cohomologous if there exists a 
measurable function g : X ^ G (called the transfer function) such that Vi = 
'4'2+ 9 — 9 °T. Then the corresponding skew products T^^ and T^^ are measure- 
theoretically isomorphic via the map {x. y) ^ (x, y + g{x)). A cocycle t/j : X ^ M. 
is a coboundary if it is cohomologous to the zero cocycle. 

Denote by G the one point compactification of the group G. An element 9 G G 
is said to be an essential value of ib, if for each open neighborhood Vg of g in G and 
an arbitrary set B ^ B, /i(-B) > 0, there exists n G Z such that 

(3.1) ^l(B n T-"B f^{x^x : V'(")(x) e Vg}) > 0. 

The set of essential values of tp will be denoted by -Eg(V') a^nd put Eg{iP) = G (1 
Eci'ip)- Then Eg{4>) is a closed subgroup of G. 

A cocyclc ijj : X ^ G is recurrent if for each open neighborhood Vo of 0, (3.1) 
holds for some n ^ 0. This is equivalent to the recurrence of the skew product 
(cf. [36]). In the particular case G C K and ip : X ^ G integrable we have that the 
recurrence of tp is equivalent to ip d/.i = 0. 

We recall below some properties of -Eg(V') (see [36]). 

Proposition 3.1. If H is a closed subgroup of G and ip : X ^ H then Eg{iI>) = 
Eh{iP) C H. If 'ipi,'ip2 : X ^ G are cohomologous then Eg{iPi) = Eg{'P2)- 

Consider the quotient cocycle ip* : X ^ G/E{-4;) given by tp*{x) = tp{x) + 
E{il)). Then EG/E{^){i'*) = {0}- The cocycle ?/> : AT — >• G is called regular if 
Eg/e{-4>){^-'*) = {0} and non-regular if i?G/-E(i/j)(V'*) = {0,oo}. Recall that if 
■0 : A ^ G is regular then it is cohomologous to a cocycle ipo : X ^ E{tlj) such 
that Eiipo) Eiip). 

The following classical Proposition gives a criterion to prove ergodicity and check 
if a cocycle is a coboundary using essential values. 

Proposition 3.2 (see ]36]). Suppose that T : (A, /x) — )■ (A, /x) is an ergodic auto- 
morphism and tp : X ^ G be a cocycle for T. The skew product : XxG ^ XxG 
is ergodic if and only if Eg{4>) = G. The cocycle is a coboundary if and only if 

Eg{^)^{0}. 

We also recall the following characterization of coboundaries. 

Proposition 3.3 (see [5]). If T : {X,^) — >• (A, /x) is an ergodic automorphism 
then the cocycle ip : X ^ G for T is a coboundary if and only if the skew product 
: X X G ^ X x G has an invariant set of positive finite measure. 

3.2. Ergodic decomposition and Mackey action. If the skew product T^, : 
AxG— ^-ATxGis not ergodic then the structure of its ergodic components 
(defined below) can be studied by looking at properties of the so called Mackey 
action. 
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Let {Tg)gQG denote the G-action on {X x G,B x Bq, ji x mc) given by Tg{x, h) = 
{x, h + g). Then {Tg)g^G commutes with the skew product T^. Fix a probabihty 
Borel measure m on G equivalent to the Haar measure mc- Then the probabihty 
measure n x m is quasi-invariant under and {Tg)g^G, i-e. {T^)*{ii x m) and 
{Tg)t,{n X m) for any g G G are equivalent to n x m (or, in other words, and 
{Tg)g^G are non-singular actions on {X x G,BxBg, f^xra)). Denote by C BxBg 
the cr-algebra of T^-invariant subsets. Since (X x G,B x Bgt/J' x m) is a standard 
probability Borel space, the quotient space {{XxG)/I^,I^, ^xm\x^) is well-defined 
(and is also standard). This space is called the space of ergodic components and 
it will be denoted by {Y,C,v). Since (Tg)g^G preserves it also acts on {Y,C,v). 
This non-singular G-action is called the Mackey action (and is denoted by {T^)g^G) 
associated to the skew product T^,, and it is always ergodic. Moreover, there exists 
a measurable map Y 3 y ^ Jiy taking values in the space of probability measures 
on (X X G, B X Bg) such that 

• ^ X TO = ^y'Py '^'^(y)'- 

• Jly is quasi-invariant and ergodic under for i/-a.e. y €Y; 

• Jby is equivalent to a cr- finite measure iiy invariant under T^. 

Then on {X x G,B x BG^iJ-y) iov y &Y are called ergodic components of T^. 

Theorem 3.4 ([36, 43]). Suppose that T : {X,fjb) — )• {X,fjb) is ergodic and let 

ip : X ^ G he a cocycle. Then 

(i) ip *5 recurrent if and only if the measure jiy is continuous for v-a.e. y € Y ; 

(ii) ip is non-recurrent if and only if Hy is purely atomic for v-a.e. y G Y; 

(iii) ■0 is regular if and only if the Mackey action {T^)g^G *s strictly transitive, 
i.e. the measure v is supported on a single orbit of {Tf)g^G- 

If is not recurrent then almost every ergodic component : {X x G , fXy) ^ 
{X X G,iJLy) is trivial, i.e. it is strictly transitive. 

If -0 is regular then the structure of ergodic components is trivial, i.e. if we fix 
one ergodic component then every other ergodic component is the image of the 
fixed component by a transformation Tg. In particular, all ergodic components are 
isomorphic. 

As a immediate consequence of Theorem 3.4 we obtain that if a cocycle is recur- 
rent and non-regular then the structure of ergodic components of the skew product 
and the dynamics inside ergodic components are highly non-trivial. 

Corollary 3.5. Let T : (X, fi) — )• {X, /x) be an ergodic automorphism and ip : X ^ 
Z is a recurrent non-regular cocycle. Then the measures v and fXy for v-a.e. y gY 
are continuous. In particular, the skew product has uncountably many ergodic 
components and almost every ergodic component is not supported by a countable 
set. 

Proof. Since the measure v is ergodic for the the Mackey Z-action, it is either 
continuous or purely discrete. If v is discrete then, by ergodicity, z/ is supported 
by a single orbit, in contradiction with (iii). Consequently, z/ is continuous. The 
continuity of almost every measure fXy follows directly from (i). The second part of 
the corollary is a direct consequence of the continuity of these measures. □ 

Remark 3.6. Let (^f )tgR be a directional flows on a Z-cover {M,lj) of {M,uj) such 
that the flow {<ff)teR on (M, w) is ergodic. Suppose that its Poincare return map is 
isomorphic to a skew product T-^ : I xZ ^ I xZ (as in Section 2.1) and the cocycle 
tp is recurrent and non-regular. Then the flow {(pf)t£R is not ergodic and it has 
uncountably many ergodic components and almost every such ergodic component 
is not supported on a single orbit of the flow. 
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3.3. Cocycles for flows. Let {(pt)teR be a Borel flow on a standard probability 
Borel space {X, B,iJi). A cocycle for the flow (<pt)teK is a Borel function F : M x X — >■ 
R such that 

F{t + s,x) = F{t, ifsx) + F{s, x) for all s,t eR and x &X. 

Definition 2. Two cocycles Fi,F2 : M x X — ^ R are called cohomologous if there 
exists a Borel function u : X ^ R and a Borel ((pt)t£K-invariant subset Xq c X 
with iJ,{Xo) = 1 such that 

F2{t, x) = Fi{t, x) + u{x) — u{iptx) for all a; € Xq and t gR. 

A cocycle F : R x X — )• R is said to be a cocycle if it is cohomologous to the zero 
cocycle. 

Remark 3.7. Let us recall a simple condition on a cocycle F guaranteeing that 
it is a coboundary: if there exist a Borel ((^t)teR-iiivariant subset Xq C X with 

/i(Xo) = 1 such that the map IR+ Bin- F(t, x) eM. is continuous and bounded for 
every x G Xq then is a coboundary. Moreover, the transfer function u : X ^ M. 
is given by 

u(a;) := lim sup _F(s,x) = limsup F{s,x) for x G Xq. 

Indeed, for every t>0 and x £ Xq we have 

u{iptx) = lim sup F{s,(ptx) = lim sup F{s + t,x) — F{t,x) = u{x) — F{t,x). 

Cocycles for translation flows. Let (M, w) be a compact translation surface and let 
G S^. For every x G M\T, denote by I^{x) C R the maximal open interval for 
which ipfx is well defined whenever t G I^{x) C R. li x € Mg then I^{x) = R. For 
any smooth bounded function / : M \ E — >■ R let 

(3.2) Ff{t, x) := /* fiiftx) dsifte l\x). 

Jo 

Thus F^ is well defined on R x Mg and it is a cocycle for the directional fiow (<^j )*£« 
considered on {Mo,v^). 

Assume that the directional fiow (iy?t)teR is minimal and let Ig <Z M he an 
interval transverse to (9?^ )tgR. The first return (Poincare) map of (v? )tgR to Ig 
is an interval exchange transformation Tg. Let : / ^ R be the cocycle for Tg 
defined as follows. Let t : Ig ^ R"*" be the piecewise constant function which gives 
the first return time t{x) of x to Ig under the flow {(pf)t^R. Then 

V?(X) = Ff{T{x),x) = [ ^ \{iplx)ds, X € Ig. 

Jo 

The following standard equivalence holds (see for example [17]). 

Lemma 3.8. The cocycle Fj is a coboundary for the flow {'pf)tes. */ '^^'^ only if 
the cocycle tp^ is a coboundary for the interval exchange transformation Tg. 

Remark 3.9. For every smooth closed form p G ^1^{M) let us consider the smooth 
bounded function / :M\S— >-R, / = ix^P and let tpp : I ^ M. be the corresponding 
cocycle for T deflned by Vp(a;) = /J"^^V(<y!pf a;) rfs. Let 7 := P-^p] e Fi(M,R), 
where V : Hi{M,R) H^{M,W) the Poincare duality, see (4.1) for definition. 
Then, recalling the definitions of 7a, and [x,Tx] in §2.1 and applying (4.2), for 
every x G la 

(7a, 7)=/ P= [ P= [ 'ixgP{iptx)ds+ I p = ipp{x)+g{x)-g{Tx), 

J la Jvx Jo J[Tx,x] 
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where g : / — >• M is given by g{x) = /j^^ p {xq is the left endpoint of the interval 
I). Consequently, denoting by : / M the cocycle il>-y{x) = {"fj'ja) if x G la for 
a G A, we conclude that the cocycle Vp + V'7 is a coboundary. 

4. The Teichmuller flow and the Kontsevich-Zorich cocycle 

Given a connected oriented surface M and a discrete countable sot S C M, 
denote by Diff+(M, E) the group of orientation-preserving liomeomorpliisms of M 
preserving E. Denote by DiffQ'(M, E) the subgroup of elements Diff^(M, E) which 
are isotopic to the identity. Let us denote by r(M, E) := Diff+(M, E)/ Diff(j'(M, E) 
the mapping- class group. We will denote by Q{M) (respectively Q^^\M) ) the 
Teichmuller space of Abelian differentials (respectively of unit area Abelian differ- 
entials) , that is the space of orbits of the natural action of Diff J (M, 0) on the 
space of all Abelian differentials on M (respectively, the ones with total area 
A{co) = /^SR(w) A 9(w) = 1). We will denote by M{M) (7W(i)(M)) the moduli 
space of (unit area) Abelian differentials, that is the space of orbits of the natural 
action of Diff^(M, 0) on the space of (unit area) Abelian differentials on M. Thus 
M{M) = Q(M)/r(M,0) and M(M)W = Q(i)(M)/r(M, 0). 

The group SL{2, M) acts naturally on Q^^^ (M) and M'^^^ (M) by postcomposition 
on the charts defined by local primitives of the holomorphic 1-form. We will denote 
hy g ■ CO the new Abelian differential obtained acting by e SL{2, M) on oj. The 
Teichmiiller flow {Gt)teWL is the restriction of this action to the diagonal subgroup 
(diag(e*, e-*))t£M of 5L(2,R) on Q(i)(M) and M'-^^M). Remark that the SL{2,R) 
action preserves the zeros of oj and their degrees. 

Let M be compact and of genus g and let k be the number of zeros of cj. If fc^, 
1 < i < K is the degrees of each zero, one has 2g — 2 = J2i=i ^i- denote 
by 'H{k) = 'H{k\, . . . , k^) the stratum consisting of all (M, w) such that oj has k 
zeros of degrees fci, . . . , fc^. Each stratum is invariant under the 5-L(2,R) action 
and the connected components of this action were classified in [30]. Let H'^''\k) = 
n{k) n A1(^)(M). Each stratum = n^'^^k) carries a canonical SL{2,R)- 
invariant measure fj,^ that can defined as follows. Lot {71, . . . ,7,1} be a basis of 
the relative homology Hi{M, E, Z). Remark that for each 7^, ^ G C w K^. The 
relative periods (/^^ oj, . . . , J^^uj) € R^" are local coordinates on the stratum 'H(fc). 
Consider the pull-back by the relative periods of the Lebesgue measure on K^". 
This measure induces a conditional measure on the hypersurface H^^^k) C 'H{k). 
Since this measure is finite (see [32, 39]), we can renormalize it to get a probability 
measure that we will denote by The measure iJ,^ is S'L(2,R)-invariant and 
ergodic for the Teichmuller flow. 

The Kontsevich-Zorich cocycle. Assume that M is compact. The Kontsevich- 
Zorich cocycle {Gf'^)t^M. is the quotient of the trivial cocycle 

Gt X Id : Q'-^\M) X H\M,R) ^ Q'-^\M) x H\M,R) 

by the action of the mapping-class group r(M) := r(M, 0). The mapping class 
group acts on the flber H^{M,M.) by puUback. The cocycle (G|'-^)t£M acts on the 
cohomology vector bundle 

n\M,R) = (Q(^^(M) X H\M,R))/r{M) 

(known as Hodge bundle) over the Teichmuller flow {Gt)tes. on the moduli space 
M'<^\M) = Q(i)(M)/r(M). We wiU denote by H^{M^,R) the flber at oj. Clearly 
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H'^{M^,R) = H^{M,R). The space H^{M,M.) is endowed with symplectic (inters- 
action) form given by 

(ci,C2):= / CiAc2 for ci,C2 ei?\M,R). 

This symplectic structure is preserved by the action of the mapping-class group and 
hence is invariant under the action of SL{2,M.). 

Denote by V : Hi{M,R) H^{M,R) the Poincare duality, i.e. 

(4.1) Va = c iff fc' = {c,c') for all c' G H\M,R). 

J a 

Since the Poincare duality V : 7Ji(M, R) — > H^{M^R) intertwines the intersection 
forms (■, •) on Hi{M,R) and H^{M,R) respectively, that is (a, a') = {Va,Va') 

for all (T,a' e Hi{M,R), we have 

(4.2) {a,a') = {V(T,Va') = j Va' for all ct, ct' e Fi(M, M). 

Each fiber H^{Mi^,R) of the vector bundle 'H^(M,R) is endowed with a natural 
norm, called the Hodge norm, defined as follows (see [15]). Given a cohomology 
class c € H^{M, R), there exists a unique holomophic one-form rj, holomorphic with 
respect to the complex structure induced by u), such that c = [^r]]. The Hodge norm 

of \\c\\^ is then defined as (| r] A rj)^^^. 

Lyapunov exponents and Oseledets splittings. Let /i be a probability measure on 
A^(^)(M) which is invariant for the Teichmiiller flow and ergodic. Since the Hodge 
norm of the Kontsevich-Zorich cocycle at time t is constant and equal to e* (see [15]) 
and /i is a probability measure, the Kontscvich-Zorich cocycle is log-integrable with 
respect to ji. Thus, it follows from Osedelets' theorem that there exists Lyapunov 
exponents with respect to the measure /i. As the action of the Kontsevich-Zorich 
cocycle is symplectic, its Lyapunov exponents with respect to the measure are: 

1 = Ai' > > . . . > > -A^ > . . . > -A^ > -A^" = -1, 

the inequality > Xi^ was proven in [15]. The measure /i is called KZ-hyperbolic 
if > 0. When g = 2, it follows from a result by Bainbridge^ that: 

Theorem 4.1 (Bainbridge). If M is surface with genus g = 2 then for any probabil- 
ity measure fj, on A4^^\M) which is invariant for the Teichmiiller flow and ergodic 
its second Lyapunov exponent X2 is strictly positive. Thus, fi is KZ-hyperbolic. 

If a measure /i is KZ-hyperbolic, by Oseledets' theorem, for /i-almost every uj G 
A^(^)(M) (such points will be called Oseledets regular points), the fiber H^{M^, R) 
of the bundle 'M}{M,R) at w has a direct splitting 

H\M^,R)= E+ (M, R) ® E- (M, R) , 

where the unstable space E^{M,R) (the stable space _Ej(Af. K) rcsp.) is the sub- 
space of cohomology classes with positive (negative resp.) Lyapunov exponents, 
i.e. 

(4.3) E+{M,R) = {c€H\M^,R): lim 1 log ||c||g_,^ < o|, 
E-{M,R) = {c&H\M^,R): lim ^ log ||c||g,c. < o|. 

■^In [4] Bainbridge actually computes the explicit value of A2 for any /i probability measure 
invaxiant for the Teichmiiller flow in the genus two strata ?^(2) and "^(1, 1). The positivity of the 
second exponent for g = 2 also follows by the thesis of Aulicino [1], in which it is shown that no 
SL{2, ]R)-orbit in 'H{1, 1) or H(2) has completely degenerate spectrum. 
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Let jjL be an S'L(2, R)-invariant probability measure which is ergodic for the 
Teichmiiller flow and let jSf^ be the support of fjb, which is an S'L(2, ]R)-invariant 
closed subset of A^^^^ (M). Let F be a field (wc will deal only with fields R and Q). 
Let us consider vector subbundles K} oi the cohomology bundle (respectively, vector 
subbundles of the homology bundle K,\) deflned over Each such a subbundle 
is determined by a collection of subfibers of the cohomology (or homology) fibers 
over that is = [j^^cg^W) x K^{w), where K^{io) C H^{M^,¥) is a linear 
subspace (respectively /Ci = Ua>e^ i'^} ^ Ki{(jj), where Ki{(jo) C ifi(Mc^,F)). We 
will call a subbundle K} (/Ci) of this form an invariant subbundle over if: 

(i) K^ig-Lo) = K^u) {Ki{g-Lo) = Ki{lo)) for every .g € 5L(2,R) and a; € 

(ii) if wi, W2 € Q'^^''{M) are two representatives of the same point wiF = UJ2T e 
jSf^ and (f) € r(M) is an element of the mapping-class group such that 

= U2 then (l)*K^{uj) = K'^iuj) {(f>*Ki{u) = Ki{uj)). 

Moreover, we say that an invariant subbundle K.^ (/Ci) is (locally) constant if the 
map w I— >■ if^(w) (w I— >■ Ki{(jj)) is (locally) constant. 

For any cohomological invariant subbundle K,^ with K^^cj) C H^{M,M.) for 
u) € one can consider the Kontsevich-Zorich cocycle {Gf^)teR restricted to 
the subbundle /C^ over the Teichmiiller flow on The Lyapunov exponents of 

the reduced cocycle (Cf"^''^ )tgR with respect to the measure /x will be called the 

Lyapunov exponents of the subbundle K} . 

A splitting {H^{M^,¥) = K^{uj)®K]_{uj), w e (respectively {ffi(M^,F) = 
Ki{uj) ® Ki{uj), uj e ^/i}) is called an orthogonal invariant splitting if both cor- 
responding subbundles K} = U^e^^i'^} ^ ^^i^) ^"^^ = Ucje^j.'f'^J' ^ -^K'^) 
(respectively /Ci and JCi) are invariant and i4r^(cj), K^iu)) (respectively Ki{ij:), 
Ki{u:)) are orthogonal with respect to the symplectic form ( • , • ) for every lo e 

Let {iJ^(M^,E) = K'^{u:) ® Js^K^), a; e be an orthogonal invariant split- 
ting. Since the Poincare duality V : ifi(M, K) H^{M,K.) intertwines the inter- 
section forms (• , •) on Hi{M,R) and H^{M,R) respectively, one also has a dual 
invariant orthogonal splitting given flberwise by 

ffi(M^,M) = Kt_{co) e ^^1-^(0;) with Ki{uj) := V'^K^uj), K^ico) := V'^Kiioj). 

The Lyapunov exponents of the reduced cocycle {G^^'^ )te9. with respect to the 
measure /x will be also called the Lyapunov exponents of /Ci. 

For any uj G M^{M) denote by Hl^{M^,M) the subspace oiH^{M,m) generated 
by [3fJ(a;)] and [3(cj)]. Set 

H}^^{M^,^) ff,\(M^,M)^ ={ce H\M^,^) : V,,e^i^(M„,R) (c,c') = 0}. 

Then one has the following orthogonal invariant splitting 

Let "Hf* (where st stays for standard) and (also known as reduced Hodge bun- 
dle) be the corresponding subbundles. The Lyapunov exponents of the subbundle 
y.^^^ are exactly {±A2, • . • (see the proof of Corollary 2.2 in [15]). Corre- 

spondingly, one also has also the dual orthogonal invariant splitting 

{Hi{M,R) = Hf{M^,R)(BH\^''\l\L,R), oj G M'-^Hm)}, where 

h[°\m^,R) = {a e Hi{M,R) : 1 c^O for allce Hlt{M^,R)}; 

iJf(M„,R) = {CTei?i(M,M) : (a,(7') = Ofor an(7ei?f^(M;^,IR)}. 
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Coboundaries and unstable space. If /x is a KZ-hyperbolic probability measure on 
Ad^^^M), on a full measure set of Oseledets regular u e M{M) one can relate 
coboundaries for the vertical flow with the stable space E~ (M, M) of the Kontsevich- 
Zorich cocycle as stated in Theorem 4.2 below. 

Recall that given a smooth bounded function / : M \ S — )• M we denote by 
the cocycle over the directional flow (</?t )t£M given by 



Theorem 4.2. Let fj. be any SL{2,'R) -invariant probability measure on M.^^\M) 
ergodic for the Teichmiiller flow. There exists a set M' C M^^^{M) with fi{M') = 
1, such that any uj G A4' is Oseledets regular and for any smooth closed form 
p e ri^(M), if [p] G E~{M,M.), then the cocycle with f := ix^p for the vertical 
flow )tgK is a coboundary. 

Moreover, if we assume in addition that p, is KZ-hyperbolic, we also have, con- 
versely, that if [p] ^ E~{M,]S.), then FJ is not a coboundary for the vertical flow 

The main technical tools to prove Theorem 4.2 are essentially present in the 
literature^. For completeness, in the Appendix A we include a self-contained proof 
of Theorem 4.2. In the same Appendix we also prove the following Lemma, which 
is used in the proof of Theorem 4.2 and that will also be used in the proof of 
non-regularity in Section 7. 

Lemma 4.3. Let p be any SL{2,'R) -invariant probability measure on M^^\M) 
ergodic for the Teichmiiller flow. Then for p-almost every uj G M'-^\M), there 
exists a sequence of times {tk)keN with tk — > +oo, m G N, a constant c > 1 
and a sequence {7^'^\ • . • ,7m''}fceN of elements of Hi^M,!.) such that, for any p G 
if^(M,M) one has 



The afflne group Aff(M, w) of (M.lu) is the group of orientation preserving 
homeomorphisms of M and preserving S which are given by affino maps in regular 
adopted coordinates. The set of differentials of these maps is denoted by SL{M,u>) 
and it is a subgroup of 5'_L(2,R). A translation surface (M, cj) is called a lattice 
surface (or a Veech surface) if SL{M,ui) C 5*^(2, R) is a lattice. 

If {M,ujq) is a lattice surface, the S'i:(2,M)-orbit of (M,wo) in M''^\M), which 
will be denoted by J^C^^ , is closed and can be identifled with the homogeneous space 
SL(2, R)/SL{M. ujq). The identification is given by the map <P : SL{2, M) C 
7M(^'(M) that sends g G SL{2,R) to g-uo G ^ug, whose kernel is exactly the Veech 
group SL{M,ujo). Thus $ can be treated a map from SL{2,R)/SL{M,uJo) to .Sf^a- 
Therefore, ..^^o carry a canonical SL{2, ]R)-invariaiit measure /io, which is the image 
oftheHaar measure on 51/(2, i?)/S'L(M, wo) by the map $ : SL{2,R)/SL{M,uJo) 



Theorem 4.2 could be deduced from the recent work of Forni in [16], in which much deeper 
and more technical results on the cohomological equation are proved. The crucial point in the 
proof of Theorem 4.2 is the control on deviations of ergodic averages from the stable space, which 
first appears in the work by Zorich [45] in the special case in which fj, is the canonical Masur- Veech 
measure on a stratum. Very recently, an adaptation of the proof of Zorich's deviation result for 
any 5L(2, M)-invariant measure has appeared in the preprint [12[. 





(4.4) 




5. Veech surfaces and square-tiled surfaces 
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A^(i)(M). We will refer to /xq cis the CQTionical uieasuve on =5^q . Since the homoge- 
neous space SL{2, R)/SL{M, too) is the unit tangent bundle of a surface of constant 
negative curvature, the (Teichmuller) geodesic flow on SL{2,M.)/SL{M,u)o) is er- 
godic. Thus, Ho is ergodic. 

All square-tiled translation surfaces are examples of lattice surfaces. If (M, uiq) 
is square-tiled, the Veech group SL{M,u!o) is indeed a finite index subgroup of 
SL{2,Z). Let (M, cjq) be square-tiled and let p : M ^ M^/Z^ be a ramified cover 
unramifled outside € such that cjq = p*{dz). Set E' = p-i({0}). For 

i-th square of (M, wq), let (TijCi S i?i(M, S',Z) be the relative homology class 
of the path in the i-th square from the bottom left corner to the bottom right 
corner and to the upper left corner, respectively. Let o" = X^u, € iIi(M, Z) and 

C = ECieifi(M,z). 

Proposition 5.1 (see [34]). The space iJ (M^^ , R) is the kernel of the homomor- 

phisra : Hi{M,m.) Hi{m? /I? .M.). Moreover, Hf{M^,R) = RcreRC- 

Remark 5.2. Let H^^\m, Q) stand for the kernel of : i?i(M, Q) i^l(RV^^ Q) 
and let Hf{M, Q) := Qct 8 QC- In view of Proposition 5.1, 

if 1 (M, Q) = iff' (M, Q) e fl-f * (M, Q) 

is an orthogonal decomposition. Since iff (M, Q) is invariant under the action on 

mapping-class group on = SL{2,R) ■ cjo C Q''^\M), this yields the following 
orthogonal invariant splitting, which is constant on J^u)o'- 

{Hi{M^,Q) = iif '(M,Q) e Hf{M,Q), lo e 

Note that the for every 7 S ffi(M, R) the holonomy hol(7) = J^ui satisfies 

hol(7) = / p*dz = / dz. 

Since ^dz and generate H'^{m? /I? hol(7) = implies p*7 = 0. Thus 
kerhol C -ffj'^'*(M, R). Moreover, since both spaces have codimension two, the 
previous inclusion is an equality: 

(5.1) kcr(hol) = ii^°'(M,R). 

6. NON-ERGODICITY 

In this section we state and prove our main criterion for non-ergodicity. 

Theorem 6.1. Let ji he an SL (2, M.) -invariant probability measure on A4^{M) 
ergodic for the Teichmuller flow. Let ^ C MS^^(M) stand for the support of fx. 
Assume that 

is an invariant orthogonal splitting which is constant on . Let ICi = Uwe^{'^} 
Ki denote the corresponding invariant subbundle. Suppose that dimjj /Ci = 2 and 
the Lyapunov exponents of the Kontsevich-Zorich cocycle onR^Q^Ci are non-zero. 

Then, for fjt almost every w G for any I^-cover (M^, w-y) of (M, w) given by 
a hom,ology class 7 e iTi fl ffi(M, Z), the vertical flow (^t)teM on (M^, w^) is not 
ergodic. 

As a Corollary of the previous theorem, in this section we also prove the following. 

Corollary 6.2. Let {M,ujq) be a square-tiled compact translation surface of genus 
2 and let /xq be the canonical measure on the SL(2,M.)-orbit of (M, wq) (see §5). 
For Ho-almost every (M, w) the vertical flow of each recurrent Z-cover (M, w) is 
not ergodic. 
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Before giving the proof of Theorem 6.1 and Corollary 6.2, we state and prove an 
auxiliary Lemma. Let .if, n and Ki,K^ be as in the assumptions of Theorem 6.1. 
Remark that since {ffi(Af„,R) = {R(g)(iKi)®{R(g)qK^),uj e if} is an orthogonal 
splitting, by Poincare duality, we also have a dual constant orthogonal invariant 
splitting 

(6.1) {H\M^,R)=K^®Ki, uG^}, ■.= V{R(^^K^), Ki ■.= V{R(^qKt). 

Lemma 6.3. Let lu Cz ^ be Oseledets regular for ji for which the conclusion of 
Lemma 4.3 holds. Let p e d H'^{M,R) be such that p e E-{M,R) \ {0}. 

For any Q-basis {cri, (T2} C Hi{M, Z) of Ki the periods ^ /^^ p, j^^ pj € do not 

belong toR - (QxQ). 

Proof First note that (J^^P^J^^p) 7^ (0,0). Indeed, if J^^ p = J^^ p = then 
{V<T, p) = J^p = for every cr e M 0q Ki . By the definition of , it follows that 
the symplcctic form is degenerated on K^. which is a contradiction. 

Denote by pxi ■ Hi (M, Q) — >• Ki the orthogonal projection. Since the splitting 
is over Q, by writing the image by of each element of a basis of Hi (M, Z) as a 
linear combination over Q of (Ti, (T2. one can show that there exists q €N (the least 
common multiple of the denominators) such that 

(6.2) pkAHi{M,Is)) C (Zai ® Zff2)/g. 

Suppose that, contrary to the claim in the Lemma, ( J^^ P^Sa-^ P) G ' (Q Q)- 
Then there exists a e M \ {0} such that /^^ p, j^^ p e aZ. Thus, since p e JTi, by 
the definition of and (6.2), for every u e iJi(M, Z) we have 

(6.3) f p= f pG-(z[ p + Z [ p)e- 



By Lemma 4.3 (which we can apply by assumption), there exists a constant c > 

0, a sequence of times {tk)keti, ik +00 and a sequence {7^'^', . . . , 7m^}fceN C 
ifi(M,Z), such that 

(6.4) < -||p||Gt,a; < Pfe := max / p < c||p||Gt^a; for any fc e N, 

'3 

Thus, by (6.3), 'pk € |Z \ {0} for every natural k. On the other hand, since 
p G E~{M,R), llpllct^w — as /c — > 00. In view of (6.4), — > as — >■ 00, which 
gives a contradiction. □ 

Proof of Theorem 6.1. Let .jSf' be the set of Oseledets regular a; e .if for which 
the conclusion of Theorem 4.2 and Lemma 4.3 hold and, in addition, for which the 
vertical and the horizontal flows on (M, w) are ergodic. In view of Theorem 4.2, 
Lemma 4.3 and [32], A^(-Sf') = 1. For any w e if' let us consider a Z-cover (M,w) 
of (M, w) associated to a non-trivial homology class 7 G iJi(M, Z) n Ki. 

Consider the invariant orthogonal splitting of cohomology in (6.1). By assump- 
tion, the Lyapunov exponents of the reduced Kontsevich-Zorich cocycle {G^^'^ )teR 
are non-zero. Since the cocycle {Gf^''^ )tew preserves the symplectic structure on 
K} given by the intersection form, it follows that the exponents of the subbundlc 
K} are one positive and one negative. Thus, the stable space E~[M,R) intersects 
exactly in a one dimensional space. Let p G Q}-{M) be a smooth closed form 
such that [p] G E-{M,R) n . 

Let {cri,c72} C Hi{M,Z) be a Q-basis of Ki such that 0-1=7 ^^'^ choose any 
Q-basis {(T3, . . . ,a2g} C Hi{M,Z) of K^. Clearly, {ai,...,a2g} C i?i(M,Z) is a 
Q-basis of Hi{M,Q). By Lemma 6.3, the periods T([p]) = (/^^ p,J^^ p) do not 
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belong to K • (Q X Q). Therefore, J^^ p ^ ^ J^^ p and J^^ p/J^^p€R\ Q. Thus, 
since (7, (72) = (cti, 0-2) € Z \ {0}, up to multiplying p by a non-zero real constant 
(more precisely, by (7, cr2)/ /^^ p), we can assume that 

(6.5) T([p]) = (a,(7,a2)), whereaGR\Q. 

Choose a transverse horizontal interval I C M and let T : / / be the lET 
obtained as Poincare return map and let Ij , j A = {1, . . . , m}, be the exchanged 
subintervals. Then the homology classes jj, j ^ A generates Hi{M,'E) (as in §2.1, 
7i = [vx] where Vx is obtained by closing up the first return trajectory of the vertical 
flow {'Pt)te«. of any x e Ij by a horizontal interval). Since the vertical flow {<ft)tes. 
on (M, w) is ergodic, T is ergodic as well. By Lemma 2.1, the vertical flow (^j) on 
(M , Lj) is isomorphic to a special flow built over the skew product : IxZ ^ IxWi, 
where ip = tjj^ is given by 

(6.6) tpj{x) = {-f,-fj) if xelj. 

Let us consider the smooth bounded function / :M\S— >^R, / = ix^P and let V'p : 
7 — >■ M be the corresponding cocycle for T deflned by i'pix) = JJ^^^' f{ip'^x) ds. By 
Theorem 4.2, since [p] £ E~ {M,M.), the cocycle FJ for the vertical flow {ip]')Les. is a 
coboundary and thus, equivalently, by Lemma 3.8, the cocycle ijjp is a coboundary 
for T as well. Let 7' := 'P~'^[p] e M 0q /fi be the Poincare dual of [p] e K^. In 
view of Remark 3.9, the cocycle tpy : J — >■ R given by 

(6.7) "07' (2^) = {1' ilji) whenever x € Ij 

is cohomologous to —ipp and thus it is also a coboundary. 

Clearly ip : I ^ Z can be considered as cocycle taking values in M for the 
automorphism T. Then the group of essential values E]g^{ip) = Ez{ip) of this cocycle 
is a subgroup of Z. Let us consider the cocycle ^ : 7 — ^ R given by ^ := V + V'7'- 
In view of (6.6) and (6.7), 

(6.8) 'l>{x) = {l,7j) + {7',7j) = {^ + 7',7j) if xGlj. 

Since ai,...,a2g € 77i(M, Z) form a basis of 77i(M, Q), there exists a natural 
number M and an m x 25-matrix A = [aji] (of rank 2g) with integer entries such 
that 

1 

= Jj^^ji J = 1,...,TO. 

Since 7 + 7' G R $yQ Ki and 1J3, . . . , a2g € are symplectic orthogonal to the 
subspace R (g)Q TiTi , we have 

(7 + 7',7j) = ^ (aji (7 + 7', CTi) +0^2(7 + 7', 0-2)) for j = l,...,m. 
Thus, from (6.8), it follows that, for any 1 < j < m and any x G Ij, we have 

^{x) = (7 + 7',7j) = (aii(7 + 7',o-i) +aJ•2(7 + 7^o•2))• 
Since [p] = Vy, in view of (4.2) and (6.5), 

((7','Ti),(7',a2)) = -(/ p,f =-T([p]) = -(«,(7,a2)) 

with a € R \ Q. Hence, since cti =7, (7 + 7',a'i) = —a and (7 + 7',cr2) = 0. 
Therefore, 

= if a; e 7j. 

Thus, since ((){x) is an integer multiple of a := a/M ^ Q for any x G I, the cocycle 
: 7 — )• R takes values in aZ, hence £^m(?!') C aZ (see Proposition 3.1). Since V 



20 



K. FRACZEK AND C. ULCIGRAI 



is cohomologous to 4>, it follows from Proposition 3.1 that -Er(^) = i?R(0) C aZ. 
As Er{iP) = Ez{ip) C Z and aZ n Z = {0}, we get EzO^) = Er{7P) = {0}. By 
Proposition 3.2, T^:JxZ— >^/xZis not ergodic. In view of Remark 2.2, it follows 
that the vertical flow {ip]')teR is not ergodic. □ 

Proof of Corollary 6.2. Let (M, wq) be a square-tiled translation surface of genus 
two. Let /io be the canonical probability measure on .^^^ (the 5i(2, M)-orbit of 

(M,ujq) in A^"'^(M)), which is ergodic (see §5) and KZ hyperbolic by Theorem 4.1 
(since M has genus two). Let Ki = iff' (M, Q) and Kj^ = Hf{M, Q) (see §5). The 
subspace Ki is the kernel of the homomorphism : Hi{M,Q) — >■ iJi(IR.^/Z^, Q) 
and, in view of (5.1), it is the kernel of hoi : Hi{M, Q) — >■ C. Remark that since M 
has genus two, dimQ Hi {M, R) = 4 and dim^j Ki = 2. 

By Remark 5.2, {iJi(M(^,Q) = Ki ® K^), to G is an invariant splitting 

which is constant over Hence, we can apply Theorem 6.1. The conclusion 

follows by remarking that, in view of (5.1), the recurrent Z-covers are exactly the 
Z-covers (M^, w^) given by 7 G h[°\m, Q) n Hi{M, Z) = KiCi Hi{M, Z). □ 

7. Non-regularity 

In this section, we prove the following Theorem: 

Theorem 7.1. Let /i he any S L (2, M) -invariant, KZ-hyperbolic probability ergodic 
measure on M'^^\M). For fi-almost every (M, w) the vertical flow of each Z-cover 
{M^,u)j) given by a non-zero 7 e Hi{M,Z) has no invariant subset of positive 
finite measure. 

Theorem 7.1 is derived from Theorem 4.2 and Lemma 7.2 stated below, via the 
representation of directional flows on Z-covcr as special flows over skew-products. 

Lemma 7.2. Let n be an S L (2, W)- invariant probability measure on M.'^^''{M) 
ergodic for the Teichmuller flow. For each non-zero 7 € i?i (M, Z) and for 
a.e CO G M^^\M) the Poincare dual class does not belong to the stable space 

E-{M,R). 

Proof. Consider any Oseledets regular oj G A4^^\M) in the set of ji full measure 

given by Lemma 4.3 and let {tk)keti, {7i'^\ ■ • ■ ) 7m ^ } C Hi{M,Z) and c > be 
given by Lemma 4.3. Then, by Poincare duality. Lemma 4.3 applied to ^ 
gives that 

(7.1) < 7fe := max |(7f ^7)1 = max / P7 < c\\V-i\\g,^u, 

'j 

for every fc € N. Therefore, 7^, is a natural number for any fc G N. If V"/ € 
E-{M,R), by definition of the stable space (see (4.3)), the RHS of (7.1) tends to 
zero as fc — > 00, hence 7fe — ?• as fc — >■ 00, which gives a contradiction. We conclude 
that 7^7 does not belong to E-{M, R). □ 

Proof of Theorem 7.1. Let /U G A^'^' belong to the set of full /x measure given 
by Lemma 7.2 and let (M, w) = {M^,u)j) for some non-zero 7 S Hi{M,Z). By 
Lemma 2.1, the vertical flow (^^ )(gR has a representation as a special flow build 
over the skew product : I x Z ^ I x Z, where tp{x) = (7, 7a) if x £ la, ce G A 
and under a roof function which takes finitely many positive values. Thus, the 
flow {(p^)teM. has invariant subsets of finite positive measure if and only if the skew 
product has. In view of Proposition 3.3, this happens if and only if the cocycle 
^ : 7 ^ Z for the lET T is a coboundary. Thus, it is enough to show that : 7 — )• Z 
is not a coboundary. 
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Suppose that, contrary to our claim, : / — Z is a coboundary. Choose a 
smooth closed form p G f2^(M) such that [p] = V^. Let us consider the cocycle 
^ix p {Vt)t<^^ and the corresponding cocycle ipp : I for T (see the 

definition in Remark 3.9). By Remark 3.9, the cocycle ipp is cohomologous to the 
cocycle — V', so also V'p is a coboundary. In view of Lemma 3.8, it follows that also 
F^^ p is a coboundary. Since /i is KZ- hyperbolic, by the second part of Theorem 4.2, 
p7 = \p\ e E-{M,M). On the other hand, by Lemma 7.2, ^ £'j(M,IR), which 
is a contradiction. □ 



Corollary 7.3. Let ji he any SL(2,W)-invariant, ergodic, KZ-hyperbolic finite mea- 
sure on M^^^M) and let Hi{M, Q) = Ki® be a decompositions satisfying the 
assumption of Theorem 6.1. Then for ji-almost every {M,uj) and every non-zero 
7 € Ki n Hi{M, Z) the vertical flow of the Z-cover {M^,u>j) is not ergodic and it 
has uncountably many ergodic components and it has no invariant subset of positive 
finite measure. 

Proof. The absence of invariant subsets of positive finite measure follow directly 
from Theorem 7.1. By the proof of Theorems 6.1 and 7.1, for /i-almost every lo G 
M.'^^'>{M) and every non-zero 7 G iCi nifi(M, Z) the vertical fiow on (M^, w-y) has a 
special representation over a skew product : 7x Z — >■ 7xZ such that Eziip) = {0} 
and tp is not a coboundary. In view of Proposition 3.2, Ez{ijj) = {0, 00}, so the 
cocycle tp is non-regular. By Corollary 3.5, the skew product and hence (by the 
reduction in §2.1) also the vertical flow on (M^, w^) have uncountably many ergodic 
components. □ 



8. Final arguments 

In this section we conclude the proofs of the main results stated in the Introduc- 
tion, that is Theorem 1.1 (see §8.2), Theoreom 1.2 and Corollary 1.3 (see §8.3) and 
Theorem 1.4 and Corollary 1.5 (see §8.1). The arguments are essentially based on 
a Fubini-type arguments. In §8.1 we first present a simple Fubini argument which 
holds in the case of lattice surfaces (Proposition 8.1) and can be used to prove 
Theorem 1.4 and parts (1) of Theorem 1.1 and (1), (2) of Theoreom 1.2 . The other 
parts of Theorem 1.1 and 1.5 require a different type of Fubini argument, presented 
in §8.2 and §8.3 respectively. 

8.1. A Fubini argument for lattice surfaces. In this section we prove the 
following Proposition and then use it to prove Theorem 1.4 and Corollary 1.5. 

Proposition 8.1. Let (M, wq) be a lattice surface and fiQ be the canonical measure 
on its SL{2,R)-orbit ^^o- 0, non-zero 7 e H\{M,'L). Assume that for /Uq- 

almost every u G ^c^o vertical flow (^J')t£K on {Mj,ojj) satisfy one (or more) 
of the following properties: 

(P-1) is not ergodic; 

(P-2) has uncountably many ergodic components; 
(P-3) has no invariant sets of finite measure. 

Then for almost every 9 G , the directional flow {(Pt)tes. on (My, (wq)^) also 
satisfy the same property (P-1), (P-2); or (P-3). 

Let us first state to elementary Lemmas useful in the proofs. For every g G 
SL{2, R) and 9 € let us denote by 5 • 6» G 5^ the action of SL{2, R) on 
determined by e'S'^ = g{e'^)/\g{e'% 
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Lemma 8.2. Let (M, w) be a translation surface (not necessary compact). Then 
for every g G SL{2, R) and 9 G there exists s > such that the directional flows 
{^ft)teR on {M,g-co) and (<^j)t£K on (M, w) are measure-theoretically isomorphic. 

Proof Let s = s{g,e) := |fl(e'^)|. We claim that sX|.<^ = X^. Indeed 

i^^^.euj = sg-\i^,.eg ■ Lj) = sg-\e's-^) = g-\\g{e'')\e'^-') = g-' o g{e'') = e'' 

and since is defined by ix^i^ = e'^, this proves the claim. From the claim, we 
also have tpf^^'^'^ = ip^'^ for every t G R. Since moreover, z/g.(^ = 1/^^, the Lemma 
follows. □ 

Lemma 8.3. For every 7 e Hi{M,Z) and g G SL{2,R) we have {M^,g~^^) = 
{M^,g-u}^). 

Proof. Denote by p : Mj — >■ M the covering map. It is enough to remark that for 
every g G SL{2, M) we get g~^j = p*{g ■ co) = g ■ co o p^, = g ■ p*{cj) = g ■ oj-y. □ 

Proof of Proposition 8.1. To avoid undue repetition, we will write that a directional 
flow satisfies (P-i) for i G {1, 2, 3}, where (P-i) could be any of the three properties 
(P-1), (P-2) or (P-3) in the statement of the Lemma. The same proof indeed 
applies for all three properties. Since {M, loq) a lattice surface, we recall (see §5) 
that the S'i(2,M)-orbit of (M,wo) (denoted by Jf^J is closed in M^^^M) and can 
be identified to SL{2,R)/SL{M,ojo) by the map $ : SL{2,R)/SL{M,uio) ^ ^u,o 
that sends gSL{M,uJo) € SL{2,M.)/SL{M,u>o) to 5 • e ^uo- Denote by /xq the 
canonical measure on ^ujo- 

Using the Iwasawa NAK decomposition, if we denote as usual by 

/e*0 \ , /10\ / cos6' -sin6' \ 

^'=[0 e-* J' ^^=[s ij' ^^=Vsine cos^ ) 

we can choose an open neighbourhood C ^0 of ojq of the form 

= {lj G^o: LJ = hsgtpe ■ where (i, s, 6) G (-e, e)^ x S^} 

for some e > 0. By assumption, for /ito-a-e. w G the vertical flow (^j)tgK 
on {M~f.u)~f) satisfies (P-i). Moreover, since /io is the pull-back by 3^ of the Haar 
measure on SL{2, R)/S'L(M, wq) which is locally equivalent to the product Lebesgue 
measure in the coordinates {t, s, 0), it follows that for Lebesgue almost every {t, s, 6*) G 

(— e, e)^ X S^, the vertical flow (^J')teM on (My, {hggtPe ■ i^o)-y), which by Lemma 8.3 
is metrically isomorphic to {M^, hsgtpe ■ i^o)^), also satisfies (P-i). 

Denote by So C the subset of all G Sq for which the directional flow [pf on 
(My, (wq)^) does not satisfy (P-i). By Lemma 8.2, if 6* € 5*0 then also the vertical 

flow Iff on (M^,p^/2-e • i^o)^) does not satisfy (P-i). Moreover, since the vertical 
direction 7r/2 G is fixed both by hs and 5ft, i.e. hg ■ ^ — ^ and 54 — | = | for 
any s,f e M, Lemma 8.2 also implies that the flow on {M^, hsgtPv/2-e " ('^o).y) 
does not satisfy (P-i) for all {t, s) G (— e, e)^. It follows that for every (t, .s, 9) G 
(— e, e)^ X (7r/2 — 5*0) the vertical flow ^J" on {M^,hsgtPe ■ ('^o)-y) does not satisfy 
(P-i). Therefore the set (— e, e)'^ x (7r/2 — 6*0) has zero Lebesgue measure and hence 
has zero Lebesgue measure. Thus, we conclude that for any Z-cover {Mj, (wo)^,) 
of (M, Wo) given by a non-zero 7 G Ki n Hi{M,Z), for almost every 6 G S^, the 
directional flow {(ff)tem. on {Mj, {uiq) ) satisfles (P-i). □ 
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Proof of Theorem 1.4-. Let (A/, wq) is a square-tiled surface of genus 2. The canon- 
ical probability measure /iq on ^^^^ is ergodic (see §5) and, by Theorem 4.1, is 
KZ-hyperbolic. Moreover, setting Ki = h[°\m,Q) and = Hf{M,<Q) (see 
§5), one can check, as in the proof of Corollary 6.2, that the assumptions of The- 
orem 6.1 hold and that, in view of (5.1), the recurrent Z-covers are exactly the 
Z-covers {M^,lu^) given by 7 e Ki n iJi(Af, Z). Thus, by Corollary 7.3, for fiQ- 
almost every uj € ^ujq-, for any recurrent Z-cover (M-y,uj-),) of (M, w) given by a 
non-zero 7 the vertical flow (^^ )tgR on (M^, w-y) is not ergodic and has no invariant 
set of finite measure and has uncountably many ergodic components. Thus, the 
claim follows from Proposition 8.1. □ 

Proof of Corollary 1.5. Denote by .^(3,0) the square-tiled translation surface cor- 
responding to the polygon drawn in Figure 4(b) with edges labeled by the same 
letter identified by translations. One can verify that ^(3,0) G H(2). Consider the 
homology class 7 = [i?] — [D] which is non trivial but has trivial holonomy. One can 
check that the Z-cover of ^(3,0) associated to 7 gives exactly the infinite staircase 
translation surface Z^^y Thus, Theorem 1.4 applied to this surface shows that the 
directional flow on -^(Jq) is not ergodic and has no invariant set of finite measure 
for almost every direction. □ 

Remark 8.4. A similar proof shows that any surface in the family ^(^b) '^i^h (a, b) € 
N^, b > 2, described by Hubert-Schmithiisen in [27] satisfy the same conclusion of 
Corollary 1.5. 

8.2. Non-ergodicity for billiards in the infinite strip. 

Proof of Theorem 1.1. Let us consider the billiard fiow on the table T{1) in Figure 
1. Denote by F the 4-elements group of isometrics of generated by the reflections 
9 I— >■ —0, ^ TT ~ 0. Using the unfolding process described in [28] (see for example 
]33]), one can verify that, for every direction 9 G the flow {bf)t^s. is isomorphic 
to the directional fiow {ipf)t£M on a non-compact translation surface {M,u!i), where 
{M.,uji) is the translation surface resulting from gluing, along segments with the 
same name, four copies of T{1), one for each element of F, according to the action 
of F, as shown in the Figure 6. The surface {M.,uji) can be represented as gluing 
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two Z-periodic polygons, as shown in the Figure 7, where i?„ r„ U r'^ and L„ = 
U l'^. Let us cut these polygons along the segments marked as [/„, V^, 71 G Z, to 
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obtain rectangles P„, and let us glue P„ and P|^ along the segment i?„ (see the 
Figure 8). It follows that {M,wi) is a Z-cover of the compact translation surface 



l^" T„ Sn 



L, 




Figure 8 



(M, w;) presented in the Figure 8. More precisely, {M,lji) = (M^,(a;;)^), where 
7 = [y — f/] has trivial holonomy. 

(1) Case I rational. One can verify that for any I e (0, 1), {M,uji) e ^(1, 1), thus, 
in particular, M has genus 2. The assumption that I e Q guarantees that (M,w;) 
is square-tiled. Thus, in this case we can apply Theorem 1.4 that implies that for 
almost every 9^3^ the directional flow (^t)teR on {M,u}i) and hence the billiard 
flow {bf)teR on T{1) is not ergodic, has no invariant sets of finite measure and has 
uncountably many ergodic components. 

(2) Full measure set of values of the parameter I. Let us remark that (M, w;) can 
be obtained from two identical copies (Mi, a;/), (M2,a;f) (corresponding to the 
two rectangles in Figure 8) of a genus 1 translation surface with a slit (i.e. a 
straight segment connecting two marked points), by identifying each side of the slit 
in {Mi,u)i) with the opposite side of the slit in {M2,ujf). In particular, this shows 
that (M, w;) is a branched 2-cover of the torus {Mi,Lol) with covering map given 
by the projection p : M Mi. Denote by r : M — >■ M the only non-trivial element 
of the deck group of the covering p : M — >■ Mi w T^. Denote by ^ the locus 

{oj€H^^\1,1):t*co = uj}. 

Equivalently, u €: Jf if and only if w = p*u!o for some uiq e n^'^\0,0), where 
n'-^^O, 0) is the stratum of a genus one translation surface with two marked points. 
Therefore, ^ is the 2-cover of the moduli space stratum 7^(^^(0,0) and therefore 
^ has dimension five, which is the dimension of 7^^^)(0,0). Moreover, ^ carries 
a natural 5*17(2, IR)-invariant measure fijif, which is simply the pull-back of the 
canonical measure on the stratum "H'^' (0, 0) via the covering map p. Let us consider 
the decomposition Hi{M, Q) = Ki® K^, where 

Ki := {7 e ffi(M, Q) : wy = -7} and K^- := {7 e Hi{M, Q) : t*7 = 7}. 

This is an orthogonal decomposition. Indeed, if 71 G Ki and 72 € then 

(71,72) = (t* 71, T* 72) = -(71,72) (71,72) =0. 

Moreover, dimq K\ = dimq = 2. Remark that the homology class 7 = — J7] 
which determines the Z-cover (Af,tl);) belongs to Ki. 

Let : ifi(M,Q) -i> ifi(T2,Q) be the action induced on Q-homology by the 
covering map p : M ^ M\. If n7 = -7 then -p*7 = p*n7 = {po t)*7 = p*7, 
hence Ki is a subspace of the kernel kcrQ . Since dimQ Ki = 2 = dim^j kciQ , 
we have Ki = kerjjp*. Let </> e r(M) an element of the mapping-class group such 
that UJ2 = <t>*^i for u>i T{M) = uj2 T{M) € . Then there exists e r(Mi) such 
that p o (/) = (f)Q o p. It follows that p*7 = implies p*(0*7) = (<?io)*(p*7) = 0, so 
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(f>t:Ki = Ki. Since is the symplectic orthocomplement of Ki in i?i(M, Q), we 
obtain (j)*Ky- = K^. Consequently, 

is an orthogonal invariant splitting which is constant on Jf. Let /Ci and JCj- be the 
associated invariant subbundles over 

Since the canonical measure on '^(^^(0, 0) is ergodic for the Teichmiiller flow (see 
[31]) and jSf is a connected cover of 7^(^^(0,0) whose covering map is equivariant 
with respect to the S'X(2, ]R)-action, it follows (for example by the Hopf argument) 
that also the measure on ^ is ergodic for the Teichmiiller flow. Thus, since /x^ 
is an S'i(2, M)-invariant measure and ergodic for the Teichmiiller flow on 7^(1, 1), 
which is a genus two stratum, /i^ is KZ-hyperbolic (see Theorem 4.1). In partic- 
ular, since there are no zero exponents, the Lyapunov exponents of the invariant 
subbundle M (g)Q /Ci (see §5) are both non zero. Thus, use and K\ satisfy all 
the assumptions of Theorem 6.1. It follows that for there exists a set C ^ 
such that /i^(^') = 1 and for all w e and all non-zero 7 € iCi n ifi(M,Q), 
the vertical flow (^t)teK on {M^,u)~f) is not ergodic, and by Corollary 7.3 that it 
has uncountably many ergodic components. Let us now show that this allows to 
deduce the desired conclusion by a Fubini argument. 

Since ^ is a 2-cover of T-L^^^ (0, 0), local coordinates on ^ are given by the relative 
periods for the marked torus {Mi,uj}) (see §5). We will deal with an open subset V 
in constructed as follows. Denote by {71,72, 73} the basis of ifi(Mi, Si,Z) given 
by 71 = [U\ 72 = [t^ U L], 73 = [T], see Figure 8. Then {71, 72, 73, t* 71, r* 72, r* 73} 
is a family of generators of Hi{M, S,Z). Let us consider 
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Since we are considering abelian diff'erentials of area 2, the coordinates (8.1) are not 

all independent (2^22/3—2^32/2 = 1), but one of them, say 2/3, is determined by the area 
one requirement. Thus, {x,y) := {xi,X2,X3,yi,y2) are independent coordinates on 
a subset of ^ and denote by Oij{x,y) G jSf the corresponding diff'erential. Then 
w(0,0, 1,Z,1) = uji for every I G (0,1). Denote by V C ^ the open sets of all 
'^{x,y) G ^ with a;i,a;2 ^ 0. 

Fix a non-zero 7 G K\ fl H\{M, Z). Recall that, in view of §2.1 (see Lemma 2.1 
and choose / as at the end of §2.1 so that (2.6) holds), for every u) G S£ there exists 
a horizontal interval I C M and ja G Hi{M, Z), ^q, e Hi{M, E, Z) for a G A such 
that the vertical flow (^t)tgR on (M^,w^) has a special representation built over 
the skew product T^r/xK— )-7x]R such that for every a G A 

A„ = / Jfw and '(/'(a;) = (7, 7a), Ta; = a; -|- / SRw for a; e /„• 

For every (M, coq) gV we can choose a neighbour hoood U CV of coq such that 7^ 
and ^a, for a e ^, do not depend on lj gU. 

Let us adopt the following convention: let us say that a flow has property (P-1) if 
it is not ergodic and property (P-2) if it has uncountably many ergodic components. 
We claim that, if coi = uj{xi,y.J,ui2 = <^(,X2,y^) G U with = Xj, then the 

vertical flow (^J')teR on {M^(lo\)^) has property (P-i) for i G {1,2} if and only 

if the vertical flow ((^^ )tgR on (My(w2)^) has property (P-i). Indeed, if 

then f SRwi = f ^uj2 and f Kwi = f ^uj2 for i = 1,2,3. Thus f SRwi = 
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3?W2, = 3fiw2 for all a G A. It follows that both vertical flows have 

special representations built over the same skew product, which proves our claim. 
Let us consider the diffeomorphism T : (0, l)x ((0, 27r)\{7r/2, tt, 37r/2}) xR-'' 

T{l,0,t,yi,y2) = {-eHcose,~e* cos0,e* sm0,e~\yi + Ism0),e~*{y2 + sinO)). 

The diffeomorphism T is defined so that we have 

9tP^/2-et^i = ^^(T(/, 9, t, 0, 0)), G [0, 1], G 5\ i e R. 

Denote by Vo C (0,1) x ((0,27r) \ {7r/2, tt, 37r/2}) x R x (respectively Jfo') the 
preimage of V (respectively by the map {l,9,t,y) uj{T{l,9,t,y)) and by 
fxo the pullback of jij^ by this map. Since T is a diffeomorphism, the measure 
fiQ is equivalent to the Lebesgue measure on Vo, hence Vo \ has zero Lebesgue 
measure. 

For i = l,2, denote by -.P, C (0, 1) x ((0, 2it)\{it/2, tt, 37r/2}) the set of all (/, 6) 

such that the directional flow {(pf)teR on {^-yi {'^i)-y) does not have property (P-i). 
We claim that -^Vi has zero Lebesgue measure. If fact, we need to show that for 
every (1,9) G -'Vi there exists a neighbourhood (1,9) G U such that -^Vi fl U has 
zero Lebesgue measure. 

Fix (^0,^*0) e -^Vi. By Lemmas 8.3 and 8.2, (<^t)teR on {Mj, {p^/2-9a ■ wij^) is 
metrically isomorphic to ((^^()tgK on (M^, (w;)^) for some s > 0, and hence also 
does not have property (P-i). Since p^/2_eo ' <^io ^ ^! there exists a neighbourhood 
of pTT/2-eo ' ^lo S ^ such that for all i^{xi,y^),uj{x2,y^) G U with = the 
vertical flows on (M^, (loi)^) and (M-y, (oj2)^) have special representations over the 
same skew product. Let Ui 9 {1, 9), (— e, s) and U2 9 (0, 0) be neighbourhoods such 
that T{Ui X (-£, e) x W2) C U. We claim that 

(8.2) (-.Pi n ZYi) X (-£, e) X 2^2 n = 0- 

Indeed, if {1,9) G -•'Pi CiUi then (^()(6r on (M^, (p^/2-6/ ''^0^) does not have 
property (P-i). Moreover, p^/2-9 • = a;(T(/, 6*, 0, 0, 0)) and T{1,9,0,0,0) G U. 
Therefore, for every y &U2 the vertical flow on (My, w(T(Z, 9, 0, y))^) does not have 
property (P-i). Since every gt fixes the vertical direction, by Lemmas 8.3 and 8.2, 
the vertical flow on {M^,{gt ■ Lj{T{l,9,Q,y)))^) does not have property (P-i) for 
every t G (— e,e). Since gt ■ uj(T{l,9,0,y)) = uj{T{l,9,t,y)), it follows that the 
vertical flow on {M^, {uj{T{l,9,t,y)))^) does not have property (P-i) for every 
{l,9,t,y) G (-'■Pi nZYi) X (-£,£) X 2^2 C Vo, which proves (8.2). In view of the fact 
that Vo \ -S?o 2^^o Lebesgue measure, the product set {-iVi nUi) x {—e,e) x 1^2 
and hence -^Vi (1 Ui has zero Lebesgue measure. 

Thus, we conclude that for every non-zero 7 G i^i fl Hi{M,Z) there exists a set 
A C (0, 1) of full Lebesgue measure such that for every Z G A for almost 9 G the 

directional flow (^^ )teK on the Z-cover {M-y, {oji)^) have both properties (P-1) and 
(P-2). This in particular applies to the Z-cover that is given hy j = [V — U] G Ki. 
Consequently, for any I G A the billiard flow {bf)t£R on T{1) is not ergodic and it 
has uncountably many ergodic components for almost every direction 9 & S^. □ 

8.3. Non-ergodicity of the Erhenfest windtree model. Let us now prove 

Theorem 1.2 and Corollary 1.3. 

Proof of Theorem 1.2. Let us consider the Z-periodic Ehrenfest billiard flow (e^ )t£M 
on the tube E\[a, h) in Figure 3. Let us denote by F the 4-elements group of isome- 
tries of the plane generated by {t^,t'"), where denotes the horizontal reflection 
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{x,y) H' {x,—y) and r" denotes the vertical reflection {x,y) i— ^ {—x,y) (F is the 
Klein four-group Z2 x Z2). By the unfolding process (see [28]), for every direction 
9 £ the flow (cj )tgR on Ei (a, b) is isomorphic to the directional flow {[pf)t^K on a 
non-compact translation surface (M, LOa^t) which is obtained by gluing four copies of 
Ei{a, b), one for each element of the group F, according to action of F. This transla- 
tion surface is a Z-cover of a compact translation surface (M, uja,b) shown in Figure 
9 and the cover is given by cr = vqq — vio + vqi — vu G Hi{M, Z) (referring to the 
labelling of Figure 9). The surface M is glued from four copies of a fundamental do- 
main F{a, b) := Ei{a, 6)n([0, 1) x (R/Z)) for the natural Z-action (generated by the 
translation by the vector (1, 0)) on the tube Ei{a, b). Thus, if we denote by {N, i'a,b) 
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Figure 9. Translation surfaces (A/, cja.fc) and {N,Va,b) 



the translation surface obtained from the fundamental domain -F(a, b) gluing the 
sides according to the identifications in Figure 9, the translation surface (Af , LOa^b) 
is a cover of (A^, Va,b) with the deck group F. Let us denote by p : M — >■ TV the cov- 
ering map*. One can check that [N , i'a,b) has genus two and belongs to the stratum 
7^(2), while {M,u!a,b) has genus 5 and belongs to ?^(2, 2, 2, 2). By abuse of notation, 
we continue to write f, for Ua.b/ A{(jJa.b) — ;,/(4(l — ab)) G ^^^•'(2, 2, 2, 2). Let 

^^{cje n^'^ (2, 2, 2, 2) : w = ^p*i^, v e U^^\2)\. 

Then ^ is a closed S'i(2, R)-invariant subset of ^(^^(2, 2, 2, 2) which is a finite 
connected cover of -^(^^2) and uja,b S ^- The orbit closures and the S'i(2,R)- 
invariant measures on ^(^^(2) were classified by McMullen in [35] and give a clas- 
sification of orbit closures and the 5L(2, ]R)-invariant measures on ££ . From ]35] 
(see also ]12]), it follows that if (a, &) satisfy assumption (1) or (2) in Theorem 1.2, 
(M, Wa^ft) is a Veech surface and its SL{2, ]R)-orbit is closed and carries the canonical 
S'L(2, R)-invariant measure. Let us consider the S'i(2, R)-invariant measure /i_jf on 
^ obtained by pull back by the finite covering map of the canonical measure on 
'^'^^•'(2). Since the canonical measure is ergodic and the cover is connected, each 
of these measures on ^ is ergodic. 



We remark that this surface is the same that the surface is obtained by considering a funda- 
mental domain for the Z^-action on the planar billiard table E2{a, b), which is described in detail 
in [12] (see §3). 
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Let r^, be the maps induced on the homology Hi (M, Z) by the actions of the 
reflections t^,t'" on {M,uja,b)- Consider the foUowing orthogonal decomposition 

ffi(M,Q) = E++ ® E+- ® E-+ ® E— , where, for so,si e {+,-}, 

Esos. = 1^ g Hi{M, Q) : r:(7) = So7 and (7) = Si7}- 

Remark that (8.3) deflnes an invariant orthogonal splitting constant on 

One can check that the homology class a which determines the Z-cover (M, uJa,b) 
of (M, uJa,b) belongs to the subspace E ^ and that the space E ^ has dimension two 
(we refer for details to [12], see Lemma 3 and Lemma 4). Moreover, the Lyapunov 
exponents of the KZ cocycles for all the 5L(2, R)-invariant ergodic measures on 
^ were computed in [12] (in particular the exponents corresponding to E ^) and 
turn out to be all non-zero. 

Given any parameter (a, b) € (0, 1)^ let ^a,b be the canonical measure for a 
Veech surface (see §5) if (a, &) satisfy the assumptions (1) or (2) 01 fj,^ otherwise. 
Then, all the assumptions of Theorem 6.1 are satisfied by taking ^ := fia,b and 
Ki := E '". It follows from Corollary 7.3 that there exists a set contained in 
the 5*^(2, K)-orbit closure of (M, w^^b) such that At(^') = 1 and for ah w G for 
any Z-cover (M^,(Z;^) with 7 e E the vertical flow (^j)teH is noi-ergodic and it 
has uncountably many ergodic components. 

If {M,oJa,b) is a Veech surface, that is for {a,b) as in (1) or (2), Proposition 8.1 
allows to conclude the proof. Therefore, from now on we consider the case n = 
and use a different Fubini argument to prove the conclusion of the Theorem for a 
full measure set of parameters (a, &). The arguments are similar to the proof of 
Theorem 1.1 and also to the Fubini argument used by [12] in §6. 

Let us consider local coordinates {x, y) = {xi,X2, X3, X4, 2/1,1/2, 2/3, 2/4) on ^ given 
by period coordinates as follows 

Xi = J 5fw and j/i = J for i = 1,2,3,4 and j, A; e {0, 1}, 

where 'jj,, = wjk, 1% = ^jk, 1% = hjk-. 1% = Vjk for j,k € {0, 1} is a family of 
generators in iJi(Af, E,Z). Since wo arc considering abcliari differentials of unit 
area, the coordinates (8.1) are not all independent, but one of them, say 2/4, is 
determined by the area one requirement. Thus, {x,y) := {xi,X2,X3,X4,yi,y2,y3) 
arc independent coordinates on a subset of Let ijj{x,y) be the corresponding 
differential. Then w( ^^^^^(a, 0, 1, 0, 0, fe, 0)) = Wa,h for every (a, h) G (0, 1)^. Let as 
consider the local diffeomorphism T : (0, 1)^ x ((0, 2tt) \ {7r/2, tt, 37r/2}) x ^ 

T(o, 6, 6», 4,2/1,2/2,2/3) = 777^-^ • 
4(1 — ao) 

(e*(asin^, — 6cos^, sin^, — cos^), e~*(2/i + a cos ^,2/2 + hsm6, 2/3 -|- cosO)). 

Then gtPTx/2-0^a.b ~ cj(T(a, 6, 0, t, 0, 0, 0)) and the puUback of the measure 
by the map (a, b, 9, t, y) ^ w(T(a, b, 9, t, y)) is equivalent to the Lebesgue measure 
restricted to the domain of the map. 

As in the proof of Theorem 1 . 1 , let us say that a flow has property (P- 1 ) if it is not 
ergodic and (P-2) if it has uncountably many ergodic components and let us denote 
by -iVi C (0, 1)^ X (0, 27r) the set of all (a, b, 6) such that the directional flow (i^f )t£R 

on {M„,{ujafi)^) does not have property (P-i) for i = 1,2. The same argument 
as in the proof of Theorem 1.1 shows that for every {a,b,9) G ^Vi there exits 
neighbourhoods Z^i 9 {a,b,9),U2 C M"* such that for every w G w(T((-iPjnZii) xZ^2)) 
the vertical flow on {M„,u}a) does not have (P-i). Therefore the set a;(T((-i'Pi n 
Ui) X U2)) C ^ has zero measure. It follows that {-'Vi f\Ui) x U2 and hence 
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-■Vi r\Ui has zero Lebesgue measure. Thus, for i G {1,2}, -'Pi C (0, 1)^ x (0, 27r) 
has zero Lebesgue measure. Consequently, for almost every (a, b) G (0, 1)^ for 

almost every 9 the directional flow {^t)te«. {M^, (Wo.b)^^) is not ergodic and has 
uncountably many ergodic components. □ 

Proof of Corollary 1.3. Let us remark that the billiard flow (ef )(eR on the pla- 
nar Ehrenfest model E2{a,b) projects on the the billiard flow {ef ji^^i on the one- 
dimensional Ehrcnfcst table Ei{a,b), via the map tt : ^ M x M/Z given by 
■JT{x,y) = {x,y + Z). In other words, {ef)t£R on Ei{a,b) is a factor of (ef)teM on 
E2{a,b). It follows that if (e()tgR on Ei{a,b) is not ergodic and has uncountably 
many ergodic components, also the flow (e^ on E"^ ^ is not ergodic and has 
uncountably many ergodic components. Thus, Corollary 1.3 follows immediately 
from Theorem 1.2. □ 

Appendix A. Stable space and coboundaries. 

In this Appendix we include for completeness the proof of Lemma 4.3 and The- 
orem 4.2 (see §4.3) along the lines of [45, 15] (see also [12]). Let us first introduce 
some notation and describe how to construct a section K, for the Teichmiiller flow 
which will be useful in both proofs. Some of the properties of /C will not be used 
in the proof of Lemma 4.3, but only in the proof of Theorem 4.2. 

A section for the Teichmiiller geodesic flow. Let /it be any SL{2, M)-invariant prob- 
ability measure on the moduli space Ai^^^M) ergodic for the Teichmiiller flow. 
Since /x is 5^(2, R)-invariant, we can assume that it is supported on a stratum 
7^(1) =7^(1) (fci,...,fc^) for some fci, . . . , fcre. Let us remark that since jj, is finite and 
ergodic for the Teichmiiller flow, by Osclcdcts' theorem, /j-alinost every oj G H^^^ is 
Oseledets regular for the Kontsevich-Zorich cocycle {Gf^)teR. Moreover, there ex- 
ists a (Gt)tgR-invariant set Ho C of /x-measure one such that each lj gHq has 
no vertical and horizontal saddle connections and both the vertical and horizontal 
flow on (M, w) are ergodic (see [32]). 

Choose a point loq G Hq which is Oseledets regular and in the support of the 
measure /i. Consider the vertical flow {ipt)te'R on (M^luq), where for brevity (ft := 
<ft°'^. Let Mreg = Mreg, bjo be the set of points which are regular both for the 
vertical and horizontal flow on (M, wq) (that, we recall, means that both flows are 
defined for all times). Remark that Mreg has full measure on M and is invariant 
under {Gt)t&,, that is, Mreg,Gtui = Mreg for all i e M. Choose also a regular point 
Pq e Mreg. The definition of the section K depends on the choice of ujq and po; but 
cjo and will play no role. 

Let us denote by 1^^^ (po) the arc of the horizontal fiow on (M, wq) of total length 
1 centered at po- For any q G luoiPo) let us denote by T(a;o,(?) the first return 
time of q to luioipo) under the vertical flow Lpt- The Poincare map of the flow 
((pt)teK to = luioipo) is an lET that we wifl denote by T = T^J^^J,^ : I^q -> /wo- 
Let us denote by Ij = Ij{oJo), j = 1, . . . ,m, the subintervals exchanged by T, by 
Xj = Aj(a;o) their lengths and by Tj = Tj(cjo) the first return time of any q li 
to luo- Remark that since luoipo) does not contain any singularity and the set of 
singularities is discrete, there exists a maximal 6 = 6{u)o,Po) such that the strip 

0<t<J(wo,Po) 

does not contain any singularities, and thus is isometric to an Euclidean rectangle 
of height 6 and width 1 in the flat coordinates given by wq- 

For any p G Mreg, denote by 7^ = 7s(p, wo) the unparametrized curve given 
by the trajectory of (<Pt)teM of length s starting at p. For each j = 1, . . . , m, let 
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7j = 7j(wo) S Hi{M, 1) be the homology class obtained by considering the vertical 
trajectory 77-^. [q, uq) of a point q G Ij up to the first return time to luig and closing 
it up with a horizontal geodesic segment contained in I^ig. One can show that 
{ij = Iji^o), 1 < j < rn} generate the homology Hi{M,R) (the proof is analogous 
to the proof of Lemma 2.17, §2.9 in [41]). In particular, their Poincare duals classes 
{V'jj, 1 < J < m} generate H^{M,M.). Thus, it follows^ that there exists a constant 
c > such that 



(A.l) < max 

c 1<J<™ 



P 

7j 



= max \{V^j,p)\ < c\\p\\^„ for all p e H\M,] 

l<j<m 



Since uiq does not have neither vertical nor horizontal saddle connections, for any 

ijj G 'H'-"'^^ (fci, . . . , fc„) in a sufficiently small ncighbourbood of luq in the stratum 
the induced lET T„ on Iui{po) has the same number m of exchanged intervals and 
the same combinatorial datum and furthermore the lengths Aj(w), j = 1, . . . ,m 
and the quantity S{lli,Pq) change continuously with cj and the homology classes 
7j(w), 1 < j < TO are locally constant. Therefore, by choosing to be a small 
compact neighbourhood of Wq in H'-^H^i' • • ■ > ^k)' Iji'^) = 7i('^o) for any cj G U 
and 1 < j < TO and there exists constants An > and Cu > 1 such that for any 
CO gU and 1 < j < to one has 

(A.2) Xj{uj)S{u>,po)>Au, and < Tj{oj) < Cu- 

Furthermore, since lA is compact, there exists a constant K such that for any 
a;i,a;2 € U, and any p G H^{M,M.) the Hodge norms satisfy WpWuj^ < (it 
follows for example from [15], §2). Thus, (A.l) holds uniformly for uj gU, that is, 
there exists cu > 1 such that 



(A.3) < max 

Cu l<J<'n 



P 



<cu\\p\\uj for ah weZi, if^(M,M). 



Since wq belongs to the support of jd, p{U) > 0. Let S C H^^^ be a hypersurface 
containing wo transverse to (Gt)teiR and let /C C >S fl W be a compact subset with 
positive transverse measure such that every a; e /C is Birkhoff generic and Oseledets 
regular. 

Proof of Lemma 4.3. Let K, be the section constructed above starting from the 

measure p. Since {Gt)te^ is ergodic and K, has positive transverse measure, there 
exists a full /U-measure set M' C "H'^' such that for any w G M' the forward 
geodesies {Gjw, t > 0} visits K, infinitely often. For uj e M' , let to be the minimum 
t>Q such that Gt{uj) G /C and let {tfejfeeN be the sequence of successive returns to 
/C. For each /c G N, referring to the notation introduced above, let us denote by := 
Ict tj{po) and by 7]'^' G Hi{M,M.) the homology class jj{Gt^Lj). As we already 



remarked, the set {7] ,j = 1,...,to} generates Hi{M,'R.) and by construction 

,j . „ , , ,j 



each 7^''^ belongs to Hi{M, Z). Let us show that they {7,-'^\i = 1, • • • , to} satisfies 



the conclusion of Lemma 4.3. Since 7]^^^ = jj{GtkUj) and Gtj.a; G /C C ZY, it follows 
from (A.3) that 



(A.4) — ||p||Gt,u;< max / p < cuMg^.u: ioT every p€ H'^{M,M.), 

'j 

which gives (4.4) with c:= Cu- □ 



^This same remark is used in [44], see Lemma 6.2. 
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Proof of Theorem 4-2. Let /C be the section constructed at the beginning of the 
Appendix. Let M' C Ti^^^ be the set of a; such that the forward geodesic {Gtw,t > 
0} visits JC infinitely often and the vertical and the horizontal flow on {M, uj) are 
ergodic. The set Ai' has full /i measure since fj, is ergodic and /C has positive 
transverse measure. Let us show that M' satisfy the conclusion of the theorem. 
Let us remark first that, since Oseledets regular points are flow invariant, any 
UJ G M' is Oseledets regular by the definition of IC. 

Fix ui E Ai' and let to be the minimum t > such that Gt{u!) £ JC and let 
{^fe}feeN be the sequence of successive returns to /C. Let p be a closed smooth 
form such that [p] G -E~(M, R). Let (</5f)feR be the vertical flow on (M, w) and 
consider the function / = ix^P- We want to show that the associated cocycle FJ 
is a coboundary for {ipt)teK- 

For any p e M^eg let ^t{Pi<^) be the unparametrized curve underlying a trajec- 
tory of length t for the vertical flow on {M,u), so that 

(A.5) / f{^sP)ds= I p. 

Jo J7t(p,w) 

We will show that for every p G Mreg the ergodic integrals (A.5) are bounded 

uniformly in i > (and hence deduce that FJ is a coboundary). We will do so (as 
in [15]) by decomposing the integral (A.5) along a special sequence of times, given 
in our proof by returns to K,. 

Referring to the notation introduced in the construction of the section /C, let 
Po e Mreg be the point chosen in the definition of tC and for each visit time tk, let 
us denote by 

(A.6) := Ig.^M, If = hiGt.uj), 7^ := i,{G,,oj), rf := r,(G«,a;). 

Since (Gf)fgR preserves horizontal leaves and for each fc > we have l'^^^ = 
lGt^j^^uj{Po) C Ictj^uiPo) = l'^- Let us remark that we can replace p by any form 
cohomologous to p. This follows since if p € rt^{M) is exact then p ^ dh for some 
smooth function ft : M — >• R and / = ix^P = ix^dh = Cx^h = Xyh, so FJ is 
a coboundary. Let us then replace the form p by any form cohomologous to p 
vanishing on a neighborhood of 7°. With the customary abuse of notation, the 
same symbol p will be used for the new form. 
For each k G N and each qGlf, let 

r'=(w,g) := T,-(Gt,w)e*'' = rfe*^ 7^(g) := 7,.(^,,)(g, w). 

The unparametrized curve ^^{q) will be called a k*'^- principal return trajectory. 
Remark that 7^((?), which is the support of a trajectory of length t''{uj, q) — T^e*'' 
for the vortical flow given by w, is the same unparametrized curve than the support 
of a a trajectory of length Tj for the vertical flow given by Gj^. (uj). 

Fix a regular point p e Mreg- For any f € R, trajectory jt ■= Jt{p,^) can be 
inductively decomposed into principal return trajectories as follows (analogously to 
Lemma 9.4 in [15]). Let e N be the maximum k gN such that int{'jt) n l'^ has 
at least two elements (where int{j) denotes the curve 7 without its endpoints). Let 
Pq , p^ , . . . be all the points in the interior of 7/ belonging to 7^, indexed in 

increasing order of t. Then if aK is the initial part of the trajectory 7^ from p to Pq 
and j^K is the final part of 74 from p^^ to the final point of 7*, one can decompose 
7t as 

rriK-l 
i=0 
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where ah 7(ff (pf^) arc K"^ principal return trajectories. Moreover, denoting by ^^(•) 
the length of an arc with respect to v G A4{M), the reminder curves, by construc- 
tion, satisfy lGt^i^{aK)J'Gfj^Lo{SK) < maxj or, equivalently, luj{a.K),li^{l3K) < 
e*^ maxj t^^ . Let us estimate the number rriK of iir*'*-principal returns. By defini- 
tion of iiT, int{'-ft)<^lK+i has at most one element hence l^i'^t) < 2e*^+^ maxj r^^"*"^. 
Since any i^*''-principal return ^^{q) satisfy lu{'y^{q)) > e*^ minj Tj^ , using (A. 2) 
we get rriK < 2Cge*^+i"*^. 

Let k := K —1. To decompose a^+i and (3k+i in principal return trajectories, 
let by convention be the initial point of /3fc+i and let p^, pf) • • • >Pmji denote all 
points of int{ak+i) U int{Pk+\) H l'^, indexed in increasing order of t. Then, we 
have 

afe+iU/3fe+i =afcU [J 7^(pf)U/3fe, 

i=0 

where at: is the initial part of au+i from p to and /3fc is the final part of jik+i from 
Pmfc t^*^ cndpoint of /3fe+i. To estimate m,k^ reasoning similarly to the estimate 
of rriK and using the upper bound on the length of a^+i and jik+i and the lower 
bound given by (A. 2) on the length of k*^ principal return trajectories together 
with (A. 2), we get 

Moreover, lui{ak),li^{lik) < e**" maxj rj^. Repeating for the same construction de- 
scribed for A; = iiT — 1 for A; = iiT — 2, . . . , 1, 0, we get the decomposition 

(A.7) 7t=aoU y y 7^(p,')U/3o, 

fe=0 j=0 

where for each Q <k < K and < j < ruk the trajectory 7^(}5j) is a fc*'' principal 
return, 



(A.8) mfe < 2C^e(*'=+i-*'=) and Z„(ao), L(<So) < e*" maxr?. 

Thus, recalling (A. 5), 



(A.9) / = ^ 5^ / p+ p+ p. 

•'0 k=a ]=a ■'I'iip)) J 00 Joio 

By construction, all points {Pj)j,k belong to Iu{po)- For each < k < K and 
1 < J < TOfc, let 7i(Pj) stand for the homology class of the closed curve obtained 
by closing up the trajectory 7^(p^) by the shortest geodesic connecting its final 
point with its initial point. Remark that since both initial and final points of 
itip'j) contained in Ict^uiip) = i itip'j) consists of ^tip'j) together with a 
horizontal segment contained in I*' . 

Remark now that if p*^ e if ^ the closed curve 7^(j3^) is a representative of 
the homology class 7; {Gt^ ui) G Hi (M, Z) defined in the construction of fC at the 
beginning of the Appendix. Since p vanishes on C /° and and 7^ ) and 7^(f>j) 
differ by a horizontal segment contained in J* c /°, in view of (A. 3), we get that 

< CuWpWct^uj- 



/ ' 




/ ' 




I " 










•'lliGtf.w) 
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Since, by assumption, [p] e E^^ {M, 
constants Ci,6 > such that 



(recall (4.3)), it follows that there exists 



< Cie"^*" for all A: > 0. 

Using this inequality together with (A. 8) to estimate (A. 9), we get that there exists 
C2 > such that for any t>0, one has 

rt 



(A.IO) 



fiiPsP)di 



< C2 ^ 6^*"+^ 



fe=0 k=0 

Since IC has positive transverse measure and u> is Birkhoff generic (since Birkhoff 
generic points are (Gt )teR-invariant and Gt^oJ S K, which by construction consists 
only of Birkhoff generic points) , by Birkhoff ergodic theorem we have limfc^oc tk/k = 
l/lJ,tr{IC), where fj,tr{IC) > is the transverse measure of /C. Thus, if k is sufficiently 
large, {tk+i — tk)/tk — < —9/2, which shows that the above series is convergent 
and the ergodic integrals in (A.IO) are uniformly bounded for all t>0. By Remark 
3.7 this implies that FJ is a coboundary. 

Let us now prove the second part of Theorem 4.2. Let us assume in addition 

from now on that fi is KZ-hyperbolic. Let ui € A4', p G Mreg and let p G Q^(M) 

be a smooth closed one form such that [p] ^ E~{M,R). For each fc € N and 

k _ 

j = 1, . . . ,m, using the notation introduced in (A. 6) and setting 6 := S{Gt^.uj,po) 



(where 5 was also defined during the construction of /C), define the set Rj by 



■QK 



0<s<S 0<s<e*kS 

Thus each Rj is a rectangle in translation surface coordinates given by Gt^w (and 

—k —k 

by w) with base If C / C luipo) and height 6 with respect to Gt^.uJ (or e^''S 
with respect to cj). Since Gt^w G U, by (A. 2) the area of each rectangle (which is 
invariant under {Gt)tew) is uniformly bounded from below, that is 



Xj{Gt^cj)6{Gt^Lu,po) >Au>0 



(A.ll) 1.^(4) = 

for all j = 1, . . . , m and fc € N. 

Assume that q G Ij for some j = 1, . . . , m and k gN. By definition, e*'''Tj is the 
(vertical) length of 7^(5) with respect to u and G Hi{M,Z) is the homology 
class of the curve consisting of 7^ (q) closed by a horizontal segment J'^ (q) contained 
in l'^ = lGt^u>{Po)j which has horizontal length one in the flat metric given by Gt^ui 
Thus, for / = ixyP we have 



(A.12) 



Jo 



f{(Psq)ds~ / 



< 



j 

Jo 



\lx,p{v'U)\ds<UI')\\^x,p\\oo 
Let us now show that for any p G Rj, setting Cp := 3\\ixhP\\ooi we have 

(A.13) ^ ( ' f^'^^P^'^' 



^x^P\\oc■ 



< Co 



Given p G Rj, since the height of Rj in the translation structure given by uj is 

k —k 

6**= 5 , we can write p = (^„g for some < u < e*'=^ and qGlf. Thus, since 
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(PetkT^^uip) = Ve^kT^iq) = Tk{q), where := Ta^^^^p^ is the first return map of 
{ipt)tm to = Icti^uiPo), we can write 

(A.14) / f{ipsq)ds- I f{ipsP)ds= / f{ipsq)ds- / f{ipsTk{q))ds. 
Jo Jo Jo Jo 

Remark now that q, Tk{q), ipuq, <fiuTk{q) are corners of a rectangle R (since they are 

contained in the rectangle of base /'^ and height e**" S in the translation structure 

given by w). Denote by dyR and dhR the vertical and the horizontal part of the 

boundary of R respectively . Then Jg ^ p is equal to the RHS of (A.14) and Jg^j^ P 

is bounded by 2||zj)f^p||oo- Thus, since /fjd/o = [p is closed and R. is simply 

connected), by Stoke's theorem, = /g^p = lQ^iiP + IdhR^^' follows that 



,q)ds- / f{ipsTk{q))dt 
Jo 









I ' 




Jd^R 




JdnR 



< 2||ix„p||oo- 



This, combined with (A.14) and (A.12), yields (A.13). 

Let us now prove that the cocycle FJ is not a coboundary. Assume by contra- 
diction that is a coboundary with a measurable transfer function u : M — >■ M. 
Then there exists a constant Mu, depending on Au, such that the set 

K{Mu) -.^{p&M: \u{p)\ > Mu} satisfies u^{A{Mu)) < Au/2. 

Thus, for any fixed 1 < j < m, for all p in a set of v^-measme greater than 1 — Ak 
(more precisely, for all p ^ A{Mu) U ip_gti,^k{A{Mu))), we have 



(A.15) |F;(e*'=Tj=,p)| 



Jo 



/(^» ds = \u{ip,.,,kp) - u{p)\ < 2Mu. 



Since Vu){R^) > An (sec (A. 11)), there exists pj G Rj satisfying (A.15). Repeating 
the same argument for each 1 < j < m and recalling (A. 4), which holds since 
Gt,.oj e U, and (A.13) we get 



^1 



< max 




< max 


/ 


l<j<m 




l<j<m 


Jo 



fiifsPj) ds 



+ Cn< 2Mu + Cp. 



Thus, liminft_>.+oo ||yo||Gtw < oo. Since p, is KZ-hyperbohc, recalhng the defini- 
tion of the stable space (4.3), this implies that [p] E (M,R), contrary to the 
assumptions. Thus, we conclude that FJ cannot be a coboundary. □ 
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